LYNHL AM D0H 0D 8102 - ¥10Z 2QND NYOL DOH 0D DIdWATO WYN 0€  ION YH — YOHM HOYE Nvd 1YNX YHN

HOI CO HOC VIET NAM

\
=)

O,
t10 ¥~//

30 NAM

OLYMPIC CO HOC

TOAN QUOC
2014-2018
Co hoc ky thuat

-----

Bai tap chon loc

x NHA XUAT BAN BACH KHOA — HA NOI
& HA NOI 2019

(
\



HOI CO HQC VIET NAM

CO HQC KY THUAT

DE THI - DAP AN 2014-2018
&
BAI TAP CHON LOC

Ban bién tdp:
GS.TSKH. P Sanh
PGS. Nguyén Quang Hoang
ThS. Nguyén Vin Quyén

*ﬂ
BACH KHOA

NHA XUAT BAN BACH KHOA — HA NOI
HA NOI 2019






LOI NOI PAU
(cho lan xuat ban 30 nam Olympic Co hoc ky thuit toan quoc)

Olympic Co hoc di t6 chirc 1an thir 30, mot ching dudng vat va va rat dang tu
hao. Pé ghi nhan dong gdp cua ddi ngii, ching toi xuit ban “Ky yéu 30 nim
Olympic Co hoc toan qubc, mén Co hoc ki thuat” cho ca hai mén thi phan ly
thuyét co ban va phan tung dung tin hoc.

Vao dip ky niém 25 nam t6 chirc Olympic, Ban T chtrc Olympic Co hoc di
cho xuét ban day du cac dé thi cung 10 giai ciia hai mon thi v& Co hoc k¥ thuat,
nén trong 1an xuat ban nay ching toi chi tiép tuc xudt ban cac ndi dung gom dé thi
va Pap 4n cta 5 nam tiép theo (2014-2018) va phan cac bai tham khao chi giir lai
cac bai chua duge s dung va b6 sung mot s6 bai méi. Cac bai nay phan nao dinh
hudng cho cac de thi sap t61 voi mong mubn s& gop phan xay dung ngan hang cac
dé thi. Hy vong rang cudn sach nay s& gitip cho cac thi sinh trong viéc tim hiéu cac
ndi dung co ban cua cac dé thi cia cac ky thi sap t6i. Chinh hudng nay mé ra trién
vong gop phan gip cdc sinh vién ham thich mén Co hoc ky thudt, tao didu kién
phd cap cac kién thirc co hoc trong gidi tré, _phuc vu ngay cang t6t hon vao viée
giai quyét cac bai toan ky thuat. Hy vong diéu nay sé& dong gop cho sy phat trién
bén virng phong trao Olympic Co hoc.

Lan xuat ban nay ching t6i da nhan duge mot sd bai tir cac thay TS. Nguyén
Thanh Son (Truong PH Kién trac, TP. H6 Chi Minh), GS. P& Sanh va PGS.
Nguyén Quang Hoang (Trudng DH Bach khoa Ha Noi). Thay mat Ban Bién soan,
chung t61 xin cam on sy tham gia nhiét thanh cta cac thay.

Olympic lan thtr 30 ciing vao dip ky niém 10 ndm GS.VS. Nguyén Vin Dao ra
di. Sinh thoi GS. Pao lu6n quan tam dén phong trao Olympic Co hoc ciing nhu
viée td chirc cac ky thi. Du rat ban nhiéu cong viée, nhung GS. ludn c6 mit tai tat
ca cac budi thi ciing nhu cac budi trao giai. Quy Tai ning Co hoc mang tén Gido sur
d4 tang cac phan thudng cho nhitng sinh vién dat giai xuét séc.

Chiu trach nhiém xuit ban 1an nay la GS. TSKH. B Sanh, PGS.TS. Nguyén
Quang Hoang va ThS. Nguyén Vin Quyén. Dic biét Tuyén tap lan xuit ban nay
nhan duogc su hd trg cua TS. Poan Quéc Viét, Chu tich Tap doan BIM GROUP.
Ban bién soan chan thanh cam on su hd trg quy gia nay.

Ban Bién soan mong nhén duoc sy déng gop vao ndi dung cho ngén hang dé
thi cling nhu cac y kién cua cac doc gia. Céc dong gop xin gui vé: Tiéu ban
Olympic Co hoc, Hoi Co hoc Viét Nam, 264 Doi Cén, Ba Dinh, Ha Noi.

Ha noi, ngay 30 thang 4 nam 2019

Ban Bién soan
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MOT VAINET VE OLYMPIC CO HQC TOAN QUOC
SAU CHANG DPUONG 30 NAM (1989 — 2018)

1. Tinh hinh phat trién Olympic Co hoc

Co hoc 1a mot nganh khoa hoc co ban nhim tim hiéu céac quy ludt cta ty nhién
dé 1am phong phu tu duy con ngudi va tim cach tng dung vao thuc té san xut
ddng thoi dong vai trd quan trong dbi véi cac nganh ki thuat, chinh né 1a co so
khoa hoc cho nhiéu nganh chu chdt thude linh vuc nay. Pa tur lau, theo chuong
trinh cua B Gido duc va Dao tao, cac mén Co hoc ludn chiém vi tri quan trong
trong ké hoach dao tao.Véi y nghia d6, nhiam dong vién khuyén khich sinh vién cac
truong hoc tap va nghién ctru cac mén Co hoc, phat hién cac tai nang tré dé tiép tuc
bdi dudng, gop phan xay dung doi ngii can bd giang day co hoc, Hoi Co hoc Viét
Nam da chu dong dé xuat va duoc su d@)ng y cia Bo Gido duc va Pao tao, Olympic
Co hoc toan qubc dd duoc tién hanh bit dau tir nam 1989.

baéy la mét Olympic chuyén nganh ngay tir diu da mang tinh qudc gia, dugc
t6 chirc hang nam, tién hanh theo Diéu 1¢ va quy trinh dinh giai thuong mot cach
chat ch&. Thi sinh tham gia la nhimg sinh vién da dugc tuyén chon k¥ tir cac
truong. Chinh trong qua trinh tuyén chon da khudy dong phong trao thi dua hoc tap
cua sinh vién. De c6 mot danh gia chung vé trinh d9, cudc thi dugc tién hanh trong
pham vi toan quoc, cung mot thoi gian va cung mot dé thi. Dé thuén tién cho sinh
vién du thi, Olympic Co hoc duoc tién hanh dong thoi tai ba dia diém: Ha noi, Pa
nang, Thanh ph H6 Chi Minh. Céc truong thay phién nhau dang cai Olympic nay.
Céc bai thi duoc tap trung vé mot mdi do cac Ban giam khao gom cac nha khoa
hoc, cac thiy gido, cd gido co uy tin chdm va dinh giai theo Diéu 1¢ thong nhat
trong subt cac ky thi Olympic d3 qua. Hang nam, cac két qua cua Olympic bao
gdm : danh sach cac thay gido, co gido tham gia vao cic ban T chirc, ban Giam
khéo, ra dé, chon dé, danh sach cac sinh vién, cac doi dat giai, danh sach cac td
chtrc va ¢4 nhan tng ho Olympic...déu duoc ghi trong Ky yéu Olympic. Dic biét
cac dé thi va dap 4n in trong ky yéu da 1a cac tai liéu tham khdo quy gia cho cac
truong. Ngoai cac thong bao thudong xuyén guri den cac truong vé viéc trién khai ky
thi Olympic Co hoc hang nam, moi thong tin vé Olympic déu duoc dua 1én Web
site cia Hoi Co hoc Viét nam.

Olympic Co hoc toan qudc di 16i cudn biét bao thé h¢ sinh vién tir cac trudong
dai hoc va cao déng trong ca nudc. S6 lugng moén thi, s6 luong trudng, s lugng thi
sinh tham gia ngay cang tang: diém qua mot vai mdc:

+ Ldn dau tién — nam 1989: chi c6 2 mén thi ty luan, co 7 trudng véi 66 thi
sinh tham gia.

+ Lan tht 10: ¢6 5 mon thi tu ludn, c6 18 truong vai 456 thi sinh tham gia

+ Lan thtt 16: ¢6 7 mon thi tu luan, c¢6 27 treong voi 877 thi sinh tham gia
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+ Lan thir 23: ¢6 7 mon thi tu luan va 3 mén thi UD Tin hoc (thi trén may),
¢6 38 trudong vai 1190 thi sinh tham gia

+ Lén thir 30 — nam 2018: c6 12 mén thi gdbm: 7 mén thi tu ludn va 5 mon thi
UD Tin hoc (thi trén may) , ¢6 39 trudng v4i 1262 thi sinh tham gia.

Nhu véy 1a cac mon thi da bao g6m hau hét cac mén Co hoc duoc day trong
céac truong Dai hoc va Cao dang Ky thuat, nhat la nhitng mon UD Tin hoc.

Hién da c6 20 truong dang cai Olympic Co hoc trong d6 c6 nhimg trudng
dang cai nhiéu lan nhu:

+ Mién Bic : cac truong da dang cai 5 lan 1a PH Béch khoa Ha ndi; PH Xay
dung; DH Thuy lgi; PH Kién tric

+ Mién Nam: PH Bach khoa Tp.HCM (9 lan); PH Su pham Ky thuat
Tp.HCM (5 lan)

+ Mién Trung: (dic biét) PH Bach khoa — PH Da ning ding cai subt tir 1an
thir 2 dén nay.

2. Vai nét danh gia két qua Olympic Co hoc

DPé xiy dung nén nép cho viéc to chirc cac cudc thi nhim dam bao tinh
nghiém tuc, cong bang va chat luong, Ban t6 chirc qua céac thoi ky ludn suy nghi,
nghién ctiru dé bd sung hoan chinh Diéu 18, xay dung quy trinh, ban hanh cac quy
dinh phu hop, kip thoi (véi cac mén Ung dung Tin hoc, cac quy dinh lién quan dén
cac phan mém thuong phai cdp nhét timg nam).. .nham giam thiéu céc sai s6t, dam
bao tinh bao mét, nang cao chat luwong dé thi.

Olympic Co hoc tir 1au da 1a mot trong nhiing san choi tri tué cho sinh vién,
n6 ¢6 tac dung déng vién phong trao hoc tap trong sinh vién. Nhiéu truong da xem
Olympic Co hoc toan qudc nhur mot nhan t6 kich thich hoai bao khoa hoc ciia sinh
vién truong minh. Olympic dé dap tmg dugc muyc ti€u phat hién nhing sinh vién
gidi vé cac mén Co hoc. Nhiéu sinh vién di phat huy duoc kha ning cua minh qua
cac ky thi Olympic, sau d6 dwugc nha truong, cac thay cd quan tdm tlep tuc bdi
dudng ho da tro thanh nhitng can b khoa hoc t6t, nhidu ngudi trong sb ho hién da
1a tién si, pho Gido su, tham chi 12 Gido su tai cac trudng trong nudc ciing nhu
ngoai nudc hodc tro thanh cac can bd gidi dugc giao trong trach & cac linh vuc
khéac nhau. Ho ra truong di cong tac, cude thi Olympic luon 1a ky niém dep trong
doi sinh vién cuia ho.

Bén canh do, thong qua céac ky thi Olympic Co hoc toan qudc, bang viéc tham
gia boi dudng cac doi tuyén cia truong minh ciing nhu ¢6 duoc co héi giao luu,
hoc hdi trao d6i kinh nghiém véi cac dong nghiép khac, cac giang vién (nhit 1a cac
giang vién tré) tu nang cao trinh d6 giang day cling nhu tu hoan thién minh.



Thanh cong cua 30 ky thi Olympic Co hoc toan qudc dd qua 1a do cong lao
dong gop cua rat nhiéu nguoi: trude hét phai ké dén su nhiét tinh hudng Gng ngay
cang dong cua cac truong, niém say mé cua cac ban sinh vién va dédc biét 1a nhiét
huyét cta nhiéu thé hé cac Thay, Co gido, cac nha khoa hoc trong viéc bdi dudng
cac doi tuyén, ra dé thi, chon dé, chAm thi va dinh giai...Chi tinh riéng doi ngii cac
Thay, C6 trong toan qudc tham gia chdm thi, ra d& va chon d& trong mdi ky thi da
¢6 t6i hon 160 GS, PGS, Tién sy, Giang vién chinh va Thac sy, cac nha khoa hoc
c6 uy tin, dic biét di co su bd sung ngay cang dong luc lugng gido vién tré cua cac
truong, cac hoc vién. Chinh hinh anh cac Thay, cic Co toc da phai bac theo thoi
gian, nhirg nguoi da sang 1ap va tham gia khong biét mét méi tir nhitng ngay dau
cho dén tan bay gio' van miét mai d6ng hanh ciing v6i phong trao Olympic Co hoc
1a nhitng tAm guong sang, nhitng ngon ltra nhiét huyét mai lan truyén cho cac thé
hé hoc tro khong chi long say mé trong nghién ctru khoa hoc ma con cé ca sy tan
tam trong sy nghiép phat hién va vun dap cac tai nang tré cho dat nude. Mot yéu t6
quan trong giup cho sy duy tri va phat trién ciia Olympic Co hoc nhitng nim qua la
sy quan tam va ung ho thiét thue cua B Gido duc va DPao tao, Lién hi€p cac Hoi
Khoa hoc Ky thuat Viét nam, Hoi Co hoc Viét nam va Hoi sinh vién Viét nam.
Tiép dén 1 cac co s ding cai & ca ba mién Bic, Trung, Nam da bo ra nhiéu cong
suc, da phai chi mot khoan kinh phi khong nhdé, tao moi diéu kién thuan loi nhat
cho viéc t6 chirc thi, chdm thi va nhat 1a 18 tong két va trao giai trang trong tai Ha
n6i va Thanh phé Hd Chi Minh. Va sau nita 1a sy dong gop, hd tro cta cac Truong,
cac Hoc Vién, cac Tap doan, cac Hoi, cac Trung tam, cac Cong ty va nhiéu nha tai
tro khac.

Mot 1an nita, thay mit Ban t6 chtrc trong cac thoi ky, xin trin trong cam on Bo
Gido duc va Pao tao, Lién hi¢p cac Hoi Khoa hoc K¥ thuat Viét nam, Hoi Co hoc
Viét nam, Hoi sinh vién Viét nam, cac co sé dang cai trong 30 ky thi Olympic Co
hoc toan qudc dd qua, xin cam on cic co quan don vi di tai trg cho Olympic Co
hoc, cam on tap doan FPT da c6 dong gop cho Quy tai ning Co hoc Nguyén Vin
Pao, cam on lanh dao cac Truong, cac Hoc Vién da ung ho va tao diéu kién cho
viéc duy tri va phat trién phong trao Olympic néi chung va Olympic Co hoc ndi
riéng.

Ha noi, ngay 30 thang 4 nam 2019

Thay mit Ban t6 chirc

Trudng ban

PGS.TS. Nguyén Ding To6
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Pé thi nim 2014

Bai 1. M6t dia tron ban kinh R, lan khong
truot theo phuong ngang (trong mat phang
thing dimg), tim 0 ¢6 van toc v, = const
(H.1). Con trugt M chuyén dong doc ranh
thang, dugc xem la chat diém co6 khoi
lugng m , gan vao dau 1o xo tuyén tinh co
dd cting ¢, c6 do dai khi chua bién dang la
I, (I, << R), con mot dau ndi v6i tam O.

Luc ma sat nhét gitta con trugt va ranh ~
trugt F = —fi, [B— hing s cho H.1

(8 << m ). Ban d4u ranh & vi tri ngang bén phai ctia tam 0.

1) Xac dinh chuyén dong cua con truot doc theo ranh.

2) Khao sat ché do binh 6n (¢ — o), tinh gi4 tri 16n nhat cua v, dé chat diem M
khong cham dén vanh, tirc | u |< R (trong két qua tinh toén dé don gian lay I, =0
va 3 =0). )
3) Xéc dinh phan lyc phép tuyén do , V...
ranh tic dung 1én con trugt trong ché
do binh On tai thoi di€m ranh trugt
lam véi phuong ngang goc ¢ (lay
8=0).

Bai 2. Cho so d6 may nghién nhu H.
2. Cac thanh treo AC va BD c6 cung
chiéu dai L, manh va cung, ‘kh()i
lugng bé dugc boé qua. Ban nghién co G

khéi lugng m, , duge khoét dang hinh
ban nguyét c6 ban kinh OC=0D=0G=R, AB=CD. Banh nghién c6 dang dia tron,
dong chat, khéi lugng m, , ban kinh 7 = kR 1an khong trugt doc ranh khoét,

k - hang sd cho. Thanh AC chiu tac dung ngau luc ¢6 mdé men M. Co hé chuyén
dong trong mat phang ding. Chon céc toa do suy rong 60, .

1) Viét phuong trinh vi phan chuyén dong cta co hé.

2) Tinh phén lyc tiép giira banh nghién va ban nghién trong truong hop 6(¢) 1a
ham di biét cua bién thoi gian 7.



3) Xac dinh chuyén dong ctia banh nghién trong trudng hop: 6 = 0, sin (2t , trong
doé 6,9 1a nhitng hang so da cho, voi gia thict 6, <<1; ¢ <<1; sing = ¢;
cosp ~ 1; sinf ~~ 0;cosf ~ 1 va bd qua vo cung bé tir bac hai trd 1én. Tinh toan
s6 véi céc sb liéu sau:

I=15R=1m; k=0,6; Q=1rad/s; 6 =0,05rad; g~10 m/s’.

Bai 3. O t6 cin cu c6 so do cho trén hinh 3.
Xe c6 khéi lugng m,, ban kinh banh xe |-| C

béng r, khdi lugng duoc bé qua. Truc banh
sau chiu tac dung ngau lyc c6 md men

-/
M = ]\,40 —aw, trong do Mo,a la nhiing 0, M @
hang so da cho, w 1a vén toc géc cia banh

xe sau. Can truc c6 chiéu dai /, dugc xem la

thanh thang dong chit c6 khéi luong m, - H.3

lién két voi than xe bang 10 xo tuyén tinh c6 hé sd cing ¢ va chiu md men can
nhét M = —fB¢, trong d6 3 la hang s6 di cho (8 < le2 ). Céc banh xe chuyén
dong lan khong trugt. Cho biét ban diu can truc & vi tri thflng dirng phia trén,
¢(t,) =0, va 1o xo khong bi bién dang. Bé qua ma sat lin. Chon céc toa do suy
rong la z, ¢ .

1) Viét phuong trinh vi phan chuyén dong ctia hg?

2) Xét truong hop xe chay véi van toe v = v, — H coswt , trong d6 v, H,w la cac
héng s da cho. Gia thiét goc ¢ bé (liy cos¢ = 1,sinp = ¢, H << V-

a) Xac dinh chuyén dong cta can truc OA.

b) Tinh gia tri cua H dé goc 1éch ¢ khong vuot qua mot tri s& cho phép [ ], tic :
¢ <[] véi gia thiét bo qua dao dong tu do va trong tinh toan ldy 3 = 0.

Loi giai
Bai 1.
Cdu 1. a) Viét phuong trinh chuyén dong tuong dbi (hinh 1.1)
- Biéu thuc céc luc
Luyc quan tinh theo:

e I~ - _ = _ 92
a, _aM* _a0+a'A10 =0y, = a =W1uU

t 2
F* =ma, = mww;w = v, / R = const



Luc quan tinh Coriolis: c6 phuong vudng goc voi ranh truot
th = ma, = 2mwy, = 2mw
Luc dan hoi o xo: F, = —c(u —1,)
Trong lyc: P = mg. . )
- Phuong trinh chuyén dong twong do6i
mii = —c(u —I,) — B — mg sin wt + mw’u
— i 4260 + (k) — 2w Ju = |k — gsin wt; k=c/m26=03/m
Phuong trinh chuyén dong cua M doc ranh(2diém)
i+ 260 + k'u = —gsinwt + kL5 K = (k) —w’) > 6§ >0
Nghiém cta phuong trinh: St dung phép dbi bién: £ = u — 1k} / &’
Viét phuong trinh trong dang
€ + 266 4 k¢ = —gsin wt
) Gia thiét thyc hién diéu kién :

c
k§2w2—>—2 —c>m
m

B) Nghiém co6 dang:

= |

2
o
R2

2

k
sin(wt — &) + 21

kY

9
\/(kQ W) 4 485

u=Ae " sin(k’t + )+

N

Céu 2. Néu bo qua dao dong tu do c6 can va léy ﬂ ~ O; lo ~ (), diéu kién dé

diém M khong cham vanh

9 9 9

MSR: = gR:mﬂglk;?——
2 2" 2R

E — W? k§—2w

) 1
L <=k -9 = v, <
R 2 2R
biéu kién:
v, < L 9
2m 2R

Cdu 3. Xac dinh phan luc
Str dung nguyén 1y d’ Alembert




(137 Na F;zaﬁquaﬁlwvﬁgtaﬁl) =0
Chiéu trén phuong vudng goc ranh ta duoc

N —mgcosyp +ma, = 0= N = mgcos g — 2mwi(t)
Bai 2 7
Cdu 1. Lap phuong trinh chuyén dong cua h¢
- Biéu thirc dong nang: Chon hé truc c6 goc tai A, truc Ax theo phuong ngang,
hudng sang phai, truc Ay huéng xudng

z, = Isinf + R[1 4 (1 — k) sin ¢]

k—1 . y, =lcosO + R(1—k)cosg

— W=

1
- rk k T, = lcos 00 + R(1 — k) cos ¢
§, = —Isin 00 — R(1 — k)sin pg;
v = I’6* + R*(1— k)*¢* + 2IR(1 — k) cos(p — 0)¢b;

1 1 : . .
T = S’ 4 0% = {0 o+ 37) +0.5m%

5-¢_R

7= %{(ml +m P 4 2mIR(1 — k) cos(ip — 0) + 1.5m, B (1 — k)|

- Biéu thirc thé nang va lyc suy rong:
II = —(m, +m,)glcos @ —m,gR(1 — k) cos ¢
Q, =M —(m +m,)glsint; Q =-m,gR(1l—Fk)sing
- Phuong trinh chuyén dong: St dung PT Lagrange 2
d or, or  d 0T, 0T _
55 " g = W %(%)_%_ .
[(m, + mz)l2]é + m,IR(1 — k) cos(¢ — )¢ — mIR(1 — k)sin(p — 0)¢”
=M —(m, +m,)glsin 6
lcos(o —0)0 +1.5R(1 — k)@ — Isin(p — 0)0° = —gsinp
Cau 2. . .
Xac dinh phan lyc giita banh nghién va ban nghién. Phuong trinh xac dinh phan

Iiyc thanh phan tiép:
_ J.
JCEQ = F;ns,r = F;ns = _/62
T
2 7 2 7 2

Tur phuong trinh thir hai giai dugc



. —gsing —lcos(p — )6 + Isin(p — 0)6”
v L5R(L— k)

J k-1 .. .. .
F =-Ltg = T unﬁzlm2 (gsinnp—l—lcos(np—@)@ —lsin(go—H)HZ)
r 2r  k 3

ms

Cdu 3
Xac dinh phuong trinh chuyén dong ciia ban nghién vai gia thiét
0 =0 sinQt — 0 =00, cosQt — § = -0, sinQt
Tu phuong trinh thir hai ta co:
. —gsing —lcos(p — 0)f + Isin(p — 0)5
7 1.5R(1— k)
Dua vao gia thiét p << 1, 0, <<1
sin(¢p — 0) = sinp cos — cos psin O =~ (¢ — 0);

cos(p — ) = cospcosf + sinpsinf ~ 1
va sb liéu cho
I=15R=1m; k=06 Q=1rad/s; 6, =0,05rad; g~10 m/s’.
ta nhan duoc phuong trinh chuyén dong ctia banh nghién
2.50

¢ +25p =250 sinQt = o= = OQQ sin Q¢ = 0.0052sin¢ (rad)

Bai 3
Cdu 1. Lap phuong trinh vi phan chuyén dong
- Biéu thtrc ddng nang va thé nang
T =L(mu} +mp? + J,wl) = L[mi* +m, (i +5.) + L ml’¢’]

T, =1 —1lsing — T, =1 —5lcospy ;
Y, = lcosp — Y, = —5lsinpg;

v, = & —lipcosp + 117

T — %[(m1 + m2):i:2 —m,lcosp 1P +§m2l2¢2]

2
Il = Jep” +5m,glcosp
- Bi€u thtrc lyc suy rong
i ) o ,
Q:E:(Mo_a‘r/r)/T:‘F;_ax7 F;:MU/T,al—O[/T’

1
Q, =—cp—Pp+5mglsing

- Phuong trinh vi phan chuyén dong

(m, +m,)% — S m,lcospp —+m,lsin o9’ =F —a;



. 2w . .
—5mylcospi +1m,l"¢ + Bp + cp — s myglsing = 0

Cau 2.
Khao sat truong hop xe chay voi ché do v, =uv,— Hcoswt. Ung véi truong hop
nay (£ = Hwsinwt, cosp ~ 1, sinp ~ ¢ ), ta co:

1

Lm,l’$ + Bp + (¢ — 2 m,gl)p = Lm,IHwsin wt
@+ 26 + k*p = hsinwt

3(c—L+m,gl
trongdé:k2:w>o,6: 30 </<:,h:3H—w
m,l° 2m,I* 21
Nghiém trong ché d6 binh 6n:
@ = Asin(wt — )
véi A= h ; -y = arctan 226w -
\/(k2 — W) +46W° E—w

Chon bién d6 H dé goc lic cta can truc khong vuot qua gia tri cho phép [¢]. Khi
6=0=06=0,taco:

A= = <[p]= H<——[g].



Pé thi nam 2015

Bai 1. Cho h¢ théng toi nhu hinh vé&. Cac
rong roc tam O, va O, la nhiing dia dong
chét c6 ban kinh tuong tmg 7, 7,, khéi
luong m,, m,. Vat B, co khdi lugng m
dugc kéo 1én nhd vat A, co khdi lugng
m, di chuyén theo miat phiang nghiéng

v6i phuong ngang goc « , c6 ma sat voi
hé s0 ma sat trugt kho bang f . Xem day

nhe, khong co din va hai nhanh day thang
dtng ludn song song,con rong roc tam O,

dugc cudn 1én theo nhanh day bén phai.

B6 qua ma sat tai b truc O,. H¢ ban dau
dirng yén.

1) Tim gia toc cua vat B dugc kéo Ién va viét phuong trinh chuyén dong cua vat B
khi vat A di chuyén xuong doc méat phang nghiéng.

2) Tinh stic cang trong cac nhanh day

3) Xét truong hop khi vat B dugc kéo 1€n chiu sire can theo phuong dimg ty 1€ bac
nhat v6i van téc ciia vt véi hé sé 8 .Tim chuyén dong cua vat B trong ché do binh
on

Bai 2. M6 hinh may ddm dugc cho trén hinh.Ban ¢im 13 tim ddng chit,co chiéu
dai 2l, chiéu cao 2h khéi luong m, di chuyén khong ma sat theo mit phang

nghiéng voi phuong ngang goc « = const . Tay quay OA.khdi luong m, ,trong

tam tai 0 (do can bang), c6 md mén quan tinh (kh01)c'101 v6i truc quay 0 bang J, qua
vang cd khdi Iugng m duge xem nhu chit diém gan vao diém mut tay quay OA,co
chiéu dai OA =e.

Tay quay OA chiju tac dung ngiu lyc c6 mé mén M .Chon cic toa do 1a x va ¢,
trong d6 x 1a di chuyén cta ban dim theo mit phang nghiéng, ¢ -goc giita OA va
phuong song song voi truc



1) Viét phuong trinh vi phan chuyén dong ciia co hé

2) Viét phuong trinh chuyén dong cua ban dam khi goc quay ¢ = wt trong do
w = const ,con diéu kién dau ing véi trong tim C ciia ban rung,

nam yén cach gdc toa d6 mot doan bang / (tirc x(0)=0), con tay quay OA vudng
gbc vai mat nghiéng ¢ phia dudi ,tic (0) = 0.

3) Tinh lyc §T§1m khi tay quay quay déu VOl w vatim diéu kién ddi voi van toc goc
w dé ban dam luon ludn tiép xtc véi nén dat

Bai 3. Cho co hé nhu hinh v&. Cac
thanh O A= 0O,B =1 la cic thanh
cing va khdi luong dugc bo qua.
Thung ABCD dang chit  nhét
(AB=CD=2a; AC=BD=2h) c6 trong
tam tai O,khdi luong m, Thanh OE
dong chét, c6 khdi lugng m, va chiéu
dai [, lién két voi thing ABCD nho
ban 18 O (CO=DO) va 15 xo xodn
tuyén tinh c6 do cung ¢ va chiu tac

D

dung m6 mén can M o= —ﬁé . Tai diu mat cta thanh OE g:fm vat duoc xem la

chit diém c6 khéi lugng m. Thanh OA chiu tac dung ngdu lyc c6 mod
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ménM = M —ap, M ,a la nhing hing s6 da cho.B6 qua ma sat tai cac truc
quay.Chon cac toa do suy rong da 1a ¢, 0

Ban dau h¢ dimg yén (¢(0) = 0;0(0) = 0). Khi § = 0 16 xo khong bién dang

1) Viét phuong trinh chuyén dong co hé theo céc toa do suy rong ¢, 6

2) Khdo sit truong hop khi thanh O Aco chuyén dong theo luat:
¢ = HsinQt; H,Q1a nhing hing s6 d& cho: H<<l,v6i gia thiét
0 < L;cos(f — p) ~ 1 vabod qua cac vo cung bé tir bac hai
3) Tinh Iyc lién két tai O.
Loi giai

Bai 1.
Ciul.

a) Biéu thuc dong ning

1 1 1 1
T = Emv2 +§(J2w§ +m2v2)+5J1w12 +§m0vi;

v 2v
—jw, = —;v, =20
T N

w2:

2
tg

I

1 1
— T:§(777,+1.5m2 4—2ml +4m0)v2 :Em v

My

b) Tong cong sudt cac luc tac dung:
Lucmasat: F = fN = fm, gcosa

W = [2m, sina — (m +m, +2fm, cosa)lgv = F, v

¢) Gia tdc cua vat B duogc kéo 1én:

. i _ [2m, sin o — (m + m,, + 2fm, cosa)lg /,
m m +1.5m, +2m, +4m,

tg

L
le

Cau 2. Tinh stc cang cia nhanh day
Viét phuong trinh vét quay (song phang) cho rong roc 0,

JQEQ =(T" - Tt)r B

2

2
m,T,
22 & (TP~ Ty

2
2

—T" —T"' = 0.5m,a;

Phuong trinh chuyén dong khdi tim ddi voi hé gdm vat Bva rong roc 0, :
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(m+m)a=T"+T" —(m+m,)g

= T'+T" =(m+m,)(a+9g);

T" = 0.5[(m +1.5m,)a — (m +m,)g],T" = 0.5[(m — 0.5m,)a — (m + m,)g]
Cau 3: Xac dinh chuyén dong vat M khi c6 can

d (F;g — ﬂv) _ d2m gsin o — (m, +m, + 2fm cosa)g — Bv]

— = —f3,dt;
F —Bu 2m, g sin o — (m, +m, + 2fm cosa)g — Bv o
Trong do:
5, = B = v, (L—e ") sm, =m+15m, +2m, +4m,

tg

E, 2m gsina—(m +m, +2fm cosa)g

S dAv- _ T
Tu day: v, = = 5
.. _ L g
Do dé: y=uv,(t+—e ™)+ const
gh ﬁo
Bai 2.

Cau 1. Viét PTVPCD
a) Biéu thic dong nang

1 1 1 .
T :§m0v2 —|—§mvi —i—EJwZ;w =¢; my=m, +m,
r,=1x+2l+ecos(p—7/2) =z +2l+esiny;
y, =esin(p — 7 /2) = —ecosp;— v = & + % = +€’p” + 2ecos pip

T = %(m0 +m)i’ —|—%(J + me’)p* + me cos pig

b) Biéu thirc luc suy rong:

Q, = —(m, +m)gsin o Q, = M —mgesin (go + oz)

¢) Phuong trinh chuyén dong:
(m, +m)i + me cos @ — mesin pp* = —(m, +m)gsin o
me cos pi + (J + me’)p = M — mgesin(p + a)

Ciu 2. Chuyén dong binh 6n ciia ddm rung: (¢ = w = const : ¢ =0 )

Phuong trinh chuyén dong ciia ban rung:

12



mer

X =——9—sinwt —¢gsina
(m, +m)
—v=d=——"% coswt— (gsina)t +C;
(m, +m)
i(g)zo_,():_ﬂ+(jl —C, _ o mew
(m, +m) (m, +m)
— I = ﬂ(l — coswt) — (gsina)t
(m, +m)
1
—p=—— 1 sinwt+— ——(gsina)t* + C,;
(m, +m) (m, +m) 2
1
1(0)=0—-C,=0—2= — M sinwt+—— — —(gsin a)t’
(m, +m) (m, +m) 2
Cau 3: Tinh lyc dam:
Phuong trinh chuyén dong khdi tam:
myij +mij, = N —(m, +m)gcosa
— N =mj, +(m, +m)gcosq;
y, = —ecoswt — §j, = ew’ coswt
— N = mew® cos wt + (m, + m)g cos a
Tuday: F, =N =(m,+m)gcosa+ mew’ coswt

Diéu kién dam khong bi roi:
(m, 4+ m)g cos

N >0 — —mew’ +(m, +m)gcosa >0 — w’ <
me

Bai 3. Cau 1: Viét PTVPCD
a) Biéu thuc dong ning:
2 2 2 2

T = 0.5mv; + 0.5mv;, + 0.5J,w, + 0.5mv,

Uy = vy = LG =+

z, =1 cosp +2h — 0.5, cos 0;y, = [ sinp + a — 0.5], sin 6
z,, = —l sinpp + 0.5], sin 06, Y, =1 cospp — 0.5], cos 09
2 =1¢" +0.2510° — 11, cos(p — 0)¢0
v = 19" + 0% — 11, cos(p — 0)pbsw, = 0;J, = m,l. /12

v

T = O.&')[(m1 +m, + m)lf}sb? + 0.5'(%7112 + m)lﬁ‘é?

+ [—(m +0.5m,)L1, cos(0 — gp)] 0o
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b) Biéu thirc luc suy rong:
- Biéu thirc thé nang:
I = —m, g(I, cos o + 2h) —m,g(l, cos p + 2h — 0.5, cos 0)
—mg(l, cos ¢ + 2h — 1, cos 0) + 0.5c0°
- Lyc suy rong :
Q¢ =M, —ap—(m, +m, + m)gl sing;
Q, = (0.5m, + m)gl, sin 0 — c — 36

¢) PTVPCD:
(m, +m, + m)l’¢ — (m + 0:5m2 )1, cos(0 — )
—(m +0.5m,)L 1, sin( — ¢)6” (1)

=M, —ap —(m, +m, +m)gl sinep

. 1
—(m +0.5m,)L1, cos(d — )@ + (m + §m2)l229

+(m + 0.5m,)l, 1 sin(0 — @)@ ()
= (0.5m,, 4 m)gl, sin 0 — cf — 50

Céu 2:Truong hop khau OA dao dong didu hoa:
o=HsinQt — @ =—HPsinQt, cos(d —p)~1,
Tir phuong trinh (2) ta co: 0 + 2n6 + k*0 = HOQ2 sin Qt

303 ,  3c—(0.5m, +m)gl,

2n:<3m+m2)l§; B (37n—i—7112>122 o T T

3(m + 0.5m, )l L H
(3m + 7122)l22

Trong ché d6 binh on:
. H
6 =H sin(Qt—~); H = - 202 —
J& — @) + 40’0

_ 2nk
Y= arctan ﬁ

Cﬁ}l 3: Tinh phan lyc taiv (0] ) .
Viét phuong trinh chuyén dong khoi tdm cho hé vat gom thanh va vat nang:

Xo =m, +m,, —(m+m2)g; YI) = mij, + m,y,

i, = —l sinp@ + 1, sin 06 — I cospp® +1, cos 06
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i, =1 cospp —1, cos 00 — [ sin 0P + [, sin 06°

i, = =l sinp@ + 0.5l sin 00 — L, cos pp® + 0.51, cos 06’
4, = [, cos pp — 0.5, cos 06 — [ sin 0Pt + 0.5[, sin 06> —

X, =~ (m+m,)sinp@ +1,(m + O.5m2)sin‘ 06
— 1 (m 4+ m,)cos ¢’ +1,(m + 0.5m,) cos 9«?2 —(m+m,)g
Y, = [ (m +m,)cospp —1,(m + 0.5m,) cos 60

— L (m, +m,)sinp@® +1,(m + 0.5m2)sin092
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D¢ thi nim 2016
Bai 1. R6 to clia dong co O, 1a mét tru tron ddng chét ban kinhr, khéi luong m,
quay quanh tryc c¢6 dinh ndm ngang qua O;. Ngau lyc tac dung lén truc dong co
M, . Bang truyén giita truc dong co va truc toi duoc xem 1a déng chat co chiéu

dai ¢ va khoi lugng riéngy (kg/m) va ludn ¢ trang thai cang, khong gian. Toi O,
gom hai dia tron dong chat ghép cing véi nhau, ¢6 khoi tim & truc quay hinh hoc O..
Khoi lugng va ban kinh tuong ting ctia chang 1a m;, m, va ri, 2. Toi kéo vat A, co
khoi lwong m, chuyén dong theo mat phang nghiéng khong nhan, c6 h¢ s6 ma sat
truot f, nghiéng mét géc o so véi mat phang ngang. Vat A noi voi con lin B
bang day cap, con lan B 1a mot dia tron dong chat, khdi lugng m, ban kinh » chuyén
dong lan khong trugt theo mat nghiéng. Bé qua khoi lugng cac doan day cap noi
vat A vdi toi va vdi vat B va cac doan day ludn ¢ trang thai cang. Bé qua ma sat ¢
cac 0 truc va ma sat lan.

1) Tinh dong niang co hé 1a ham cia van tbc v ciia vat A va tinh cong suat can
thi€t cia dong co dé kéo vat A c¢o van toc v va gia toc a.

2) Giast M, =a,—bw ,trong do ay,b, la cac hing s6 duong di biét, @ la
van toc goc cua dong co, gia st ban dau h¢ dung yén. Tim biéu thic van toc goc
w cua dong co la ham cua thoi gian va gia tri van toc gbe binh 6n (van toc goc téi
han). Tinh thoi gian 7° dé vat A dat duoc van tdc bang 95% van tdc cua ché do
binh 6n.

3) Tinh lyc cang trong nhanh day giita vat A va B.
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Bai 2. Mot ban nghién rung c6 khéi luong m, di chuyén theo phuong ngang,

khong ma sat, dugc kich dong bang qua ving c6 khdi luong m (xem la chit dlem)
nam cach truc quay I khoang cach e va quay déu VOl van téc goc w . Bo giam chin
16 x0 ¢6 dd cimg ¢ va giam chan thuy lyc v6i hé sb giam chin b. Mot dia tron dong

chat, c6 khdi luong m, ban kinh r 13n khong truot theo 16 tron ctia ban rung c6

ban kinh R. Chon céc toa do suy rong 1a x va @ trong d6 x ké tir diém mut cua 10 xo
khi chua bién dang dén mép ctia ban nghién, 6 1a goc nghiéng cia dudng qua tim

0,0, dbi véi phuong thang dimg . Do dai cua 10 xo khi chua bién dang 1a ¢ 0"

t
i
|
I
I
|
I
I
—_—— Q
|\
I
I
I
|

.
.
/
.
b
. /
\\
I N
, 0

1) Viét phuong trinh vi phan chuyén dong cta co hé.

2) Xet truong hop m, << m,, 0Dbe,
gia thiét rang cosf ~ 1,
sinf ~ 0 <<1, m,sinf ~ 0. Tim
chuyén dong cua co hé trong ché do
binh 6n.

3) Hay tinh luc do dia tic dung lén
ban nghién rung tai diém ti€p xuc
gitia dia va ban nghién Gng véi cac
diéu kién da cho trong cau 2) voi
dieu kién dau:
x(to) = zo,j:(to) =

0(t,) = 6,,0(t,) =0,

Bai 3. Cho mdt vanh tron dong chit
khéi lwong m (tap trung trén vanh)
ban kinh » c6 thé chuyén dong lian
khong trugt theo mat trong nham cua
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vanh tron déng chit, khdi luong mi, khoi 1uqng tap trung trén vanh, ban kinh R.
Vanh tron ban kinh R quay quanh duong kinh thang ding ctia né dudi tac dung ctua
momen quay M . Chon cac toa d suy rong la géc quay ¢ cua vanh quanh truc
thang dung va goc 6 giira 0,0, va phuong thang dung. Bo qua ma sét tai cac 6 truc
quay.

1) Thiét 1ap phuong trinh vi phan chuyén dong ctia co hé.

2) Gia sir vanh tron ban kinh R quay quanh truc thang dung v6i van tée goc khong
doi w, - Hay xac dinh vi tri can bang ctia vanh tron tim 0, (vitrican bang twong
db1) duogc ky hiéu qua goc 6°.

3) Tim quy luat dao dong bé cua vanh tron tam 0, quanh vi tri can bang tuong ddi
khi cho dia léch khoi vi tri cin bang twong ddi 6" mot goc ¢, khong van tdc
dau(0(0) = 0.

Loi giai
Bai 1.
Ciu 1. a) Biéu thirc dong nang:
Viét cac biéu thirc dong hoc :
v
V=V, U= WHW, S W, = WU, = W :r_rl sw,=v/r
2

Moémen quan tinh khoi cua cac truc quay va cua dia lan:

]. 2, 1 2 2. 1 2
legmlrl"]zzg(mlrl +m27§ ),JBZEm’I’
Bicu thirc dong nang cta hé¢
1 1 1 1 1 1 .7
T==-Jw +=Jw +=m’ +=m v} +—=J W +=~(L)
2 171 2 272 2 ATA 2 B"B 2 BB 27(7,2) A
1 T T o] - ;
=3 m,((2)*) 4 0.5m, + m, + 1.5m + (L)’ |v* = —mtqu;
T T '
M\ M2
= ml(r_) +0.5m, + m3+1.5m+’yl(r—) .
2 2

b)Biéu thirc cong suét cac luc: (4diém)

-Lucmasat: | = fN = fm,gcosa ;

-Tinh cong suét céc lyc:

W=W, +W, +W, +W, =M w-F v- (my +m)gv

ms
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W =W, —[(m, +m)sina + fm, cosalgv

de
Ap dung dinh 1y dong ning dang dao ham:

m,va =W, —[(m, +m)sina + fm, cosalgv

¢) Cong sudt dong co: T day tinh duoc cong sut can thiét dé vat A chuyén dong

véi van toc v va gia toc a
W,, =m, va+[(m, +m)sina + fm, cosalgv
Céu 2. a) Biéu thirc van tbc
v L dv .
w =M + [(m, +m)sina + fm, cos algv

T

Thay biéu thirc mémen M 4 » tanhén dugc:

b
m, v _% _ [(m, +m)sina + fm, cosalg — —>v;
2 dt ,},,2 7:22
2 A—-B
Phan ly bién ta co: ZA=BY _ _py
(A— Bv)
, a . 1 b
Trong d6 : A = [+ — (m, +m)gsina — fm,gcosa]—; B = —
TZ mtg Tthg

Coax 3 A
Véi diéu kién dau v(0) = 0 ta tinh duge: v = o (1—e™)

b) Van tdc ctia ché d6 binh 6n va thoi gian T v, = %
A K L A v Yo ~Bt
Van toc goc cuadong co: w, = —=—">(1—-¢ ")
noon
Thoi gian T° dé vat A dat duoc 95% v,, la nghiém cta phuong trinh :
BT’ = —1n0.05
1
T do: T° =—1n20
B

Cdu 3: Tinh lyc cang
Luc cang trong nhanh day giita vat A va dia lan B:
Viét PTVP cua dia d6i véi tAm van toc cua dia:
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1, .
T, :;(Ja + mgr sin a);
J =(J, +mr*) = (0.5mr* + mr*) = 1.5mr?;
E:g:l@:éeiBt;
roordt r
Bai 2.

Cdu 1. Thanh lap phuong trinh chuyén dong
a) Biéu thirc dong nang:

1 ‘ ‘
T = E(mlvf + m,v) + J,w! +mv),);

v, = d;0) =3 +(R—71)0" +2(R — r) cos 06

Hinh 2

v =i’ + ew’ + 2ew cos wi;

5 :_(R—r)ﬁ;
r

T = %(m1 +m, +m)i* + %(1.5m2(R —1)°10” + my(R — r) cos 036

+ 3 m(e*w’ + 2ew cos wti);

b) Biéu thirc luc suy rong
Q, = —cx —bi; Q = —m,g(R—r)sinf
¢) Phuong trinh vi phan chuyén dong:
dor or , doT 0T _
wor o “aor os %
(m, +m, +m)i +m,(R —r)cos 00 — m, (R —r)sin 06°
+er 4 bi = mew’ sin wt
cos 0 4+ 1.5(R —r)f 4 gsinf = 0
Ciu2 i i
a) Chuyén dong binh 6n cua ban nghién
(diéu kién m, <<m,0 =0, —m,sinf =0; ;cos0 =1, m, sinf = 0);
Phuong trinh chuyén dong trong trudng hop nay s& ¢6 dang:
(m, +m, +m)i +m,(R — 0 + cx + bi = mew? sin wt
m, i +1.5m, (R — r)f = 0;

T day ta co:
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[1.5(m, 4+ m)+ 0.5m, )% + 1.5cz + 1.5b2 = 1.5mew” sin wt;
m,Z +1.5m, (R — r)f = 0;
Pua phuong trinh vé dang:
i+ 2n3 + K’z = H sinwt
Trong do:
b o c )

1.5(m, +m) + 0.5m, 1.5(m, +m) + 0.5m,
_ 1.5mew’

L.5(m, +m)+ 0.5m,
b) Biéu thirc nghiém

2n =

Gia thiét strc can bé, bo qua dao dong tu do tat dﬁn,nghiém binh 6n s& ¢6 dang:

:1:(15):E L sin(wt — ¢); € = arc tan 2nw‘
k? w2 , n2 w2 k? _wZ
) e
0(t) = — L i(t)
1.5(R—r)
. 1 1
s =——— i)+ C ) =———— () + Ct+ C
1.5(R — ) (8) +Cis8(0) 1L.5(R —7) 0+ ’
(10) . .
Trong do Ci,C, dugc xac dinh tur diéu kién dau:
: 1 1
oY sR—-r) 2 Y 15R—1)
1 . 1
0t) =— x(t) + (0, +
0 1.5(R —r) 0+, 1.5(R—r) °
Ciu 3.

a)Tinh phan lyc giita ban nghién va
nén ngang

St dung phuong phap Tinh hinh
hoc —Pong luc

a) Phuong an “héa ran-tach vat”

Buéc 1: Hoa ran: Xét toan bo hé.
bait cac lyc quan tinh

-Dit lyc quan tinh cia ban nghién:
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lyc theo phuong ngang hudng sang phai: F;"‘ = —m,d, , trong do6 d, gia toc cua

tdm 0, ,lyc quan tinh cta con lan:

—

F;:ﬂ’ =-—m,(R— 7’)9%’; F;qt =-m2(R — r)é?, F:ﬂ’ = —m,¥i;
Trong d6 7 vec to don vi huéng tir 0, — 0 ;7 _vec to don vi theo phuong tiép
tuyén vudng goc voi 0,0, theo chiéu ting goc Q,Z-VCC to don vi theo phuong
ngang ‘

-Viet phuong trinh “cén bang” theo phuong dung:
> F =N, —(m+m)g —m,(R —r)cos 00" — m,(R —r)sin 00 — mew* coswt = 0
Tir day tinh dwoc phan lyc nén 1én ban nghién theo phuong ding
- L ) .

N, = (m+m)g + m,(R —r)cos 00" + m,(R — r)sin 60 4+ mew" cos wt;(a)
b) Budc 2: Tinh phan lyc tai diém tiép xUc gitia dia va ban
nghién .
Tach con lan: Tinh phan lyc gilra vanh va ban nghién: dat (0 o

\ ms
lyc quan tinh cta dia thu gon v€ tdm 0,. Sir dung phuong
trinh téng hinh chiéu cac luc quan tinh va cac lyc dat vao
theo phuong 7 va phuong 7, ta tinh
ZFH =N, +m,a, sinf —m, (R — r)g* — m,gcosf = 0;
ZFT =F —m,a, cost) —m,(R— )0 — m,gsin 6 = 0;
Tur day tinh duogc:
N, = m,i(t)sin 0(t) + m, (R — r)0(t)* + m,gcosO(t) ; (b)

2

F =myicosO(t)+m,(R—r)(t)+mgsindt);  (c)
Chii y: C6 thé str dung phuong phap tach vat:
-Xét hé luc quan tinh va cac lyc dat vao con lan B va h¢ luc quan tinh va cac luc
dat vao ban nghién khong c6 con lan
X 6
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Viét phuong trinh cén be‘ing’ theo phuwong ding cac luc tic dung 1én ban nghién
rung(luc dat vao +luc lién két) khi khong ¢6 con lan:
ZF =N —mg— N, cosd —F sinf —mew’ coswt =0
Y 1 1 2 ms
Tu day tinh dugc: N, =m g+ N, cos0 + F sinf + mew’ cos wt
Thay N,,F ti(b),(c) tanhin duoc két qua (a)
Bai 3

Ciu 1. a) Viét phuong trinh vi phan chuyén dong
-Tinh bi€u thirc ddong nang:

T = T:J + T:i = %vaf + %kav;

1 m R2 . ]. e T
= S S Lm0 + ()]
R ’ )
- %[mlg + m27’ +m(R —r)’sin® 0)p* +m(R —r)°6”

-Luc suy rong:

Bi€u thirc thé nang va lyc suy rong:
= —m,g(R —r)cos0;

Q,=MQ,= —m,g(R —r)sin 0
-Phuong trinh chuyén dong:

doT oT , doT 0T
wop op Swer @
Phuong trinh vi phan chuyén dong s& 1a:
2m(R — )i — 0.5m(R — r) sin 20>

= —myg sin 6,

0.5(m,R* + mr*) + m(R — r)* sin® 6)@
+m(R — r)* sin 2000 = M

Ciu 2.X4c dinh vi tri can bang tuong dbi:

Diéu kién: ¢ = 0;¢ = const = wo,é =00 =0 .
sing” =0

0.5(R —r)sin20'w’ = gsin — g

(R—r)w’

0

.
cos =

Moémen M can thiét cho cac ché d6 nay: M , =0
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Céu 3. Tim quy luat dao dong bé
Xét trudng hop dao dong bé quanh vi tri can bang twong ddi 0 khi c6 kich dong
ddu tir vi ti can bang bé : O(t,) = 0; 0(t,) = 0, > 0
Ttr gia thiét dao dong bé ta co: sinf = 0;cosf =1.
64+ k0=0 ;k =—I — 050
2(R—r
9
R—r)

Diéu kién dé c6 dao dongbé k> >0 : w* <

Dao dong bé co6 dang:
0 = Asin(kt + «)
Dé xac dinh cac hang sb A va « st dung diéu kién dau:
0, = Asin; 90 = Ak cosa

e, 6 kO,
o(t) = ,|6; + k_[; sin(kt + o);a = arc tauae.—‘J
0
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D¢ thi nim 2017
Bai 1. Co cau hanh tinh dat trong mat phing
nam ngang, chuyén dong tir trang thai tinh nho
ngau lyc ¢c6 momen M dit vao tay quay OA.
Pia 1 ¢ dinh, ban kinh 7, dia 2 ¢4 ban kinh

r,, trong lugng P. Thanh ddng chat OA c6

trong lugng Q. B6 qua ma sat.
1)  Cho M= const, tim gia tbc goc cua tay quay OA.
2) Cho M = const, cho bict goc an khop gitra hai banh rang 1a «, tim lyc dn
khop gitra hai banh rang.
3) Cho M =M, —ko®, Mo va k la cic B
hing s6, ® - van téc goc tay quay OA,
tim van toc goc gidi han wgn va vén toc
gbc o(t) cua tay quay OA.

Bai 2. Ban DO, c6 khdi lugng m,, chuyén
dong theo phuong dung. Dia tron C dong
chat,khoi luong m, bén kinh » lan khong
trugt doc BO, tam C nodi véi OA nho 10 xo
tuyén tinh, c6 d0 cing ¢ va c¢6 do dai khi

khong bién dang bang [ (bd qua khéi luong

S

10 x0). Thanh giy khic (m6 hinh ghé) gébm
hai thanh manh va ciing, vuong gbéc nhau,

//W/W

\2

quay quanh tryc qua trong tam O cua no, ¢ khdi lugng m,, mé men quan tinh
khéi dbi véi trong tdm 0 bang J , dudi tac dung cta ngau lyc c6 mé men M. Bo qua
ma sat.

1) Gia sir ban DO dirng yén va ghé bi ket tai vi tri ¢ = a = const ,tirc ghé khong
chuyén dong dbi véi ban DO.Khao sat chuyén dong cia dia C sau khi ghé bi ket va
tinh cac luc tac dung 1én dia . Cho biét tai thoi diém ghé bi ket (bd qua va cham):
v, 1a céc dai luong da biét

u=u, >rv, =v, > 0u,

2) Gia st ghé AOB duoc kep chit vao ban DO va ban DO ¢6 chuyén dong theo
phuong dimmg theo ludt: y(t) = H sin(Qt). Trong d6 H, ) 1a cac dai luong da cho
(b6 qua va cham). Hiy khao sat chuyén dong ctia dia C ldn khong truot doc BO,
tinh cac lyc tic dung 1én dia C. Pia c6 bi roi khoi duong 1an BO khong? Néu c6 thi
xéc dinh diéu kién dé dia khong bi roi?
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3) Gia sit ban DO dung yén, con ghé quay quanh tryc 0 dudi tac dung cia ngau
lyc M,dia lan khong truot doc BO. Viét phuong trinh vi phan chuyén cia co h¢ khi
chon cac toa dd suy rong lau va .

Bai 3. Mot tém hinh chi nha:lt ddng chat dai 4a, rong 2a, treo trong mat phéng
thang dung bang khdp ban 1€ tai 4 va ddy mém khong dén tai B. Cho biét khoi
lugng cia tam la m.

1) Xéc dinh phan luc tai ban 1& 4 va sirc cing cua day.

2) Gia sir tai mot thoi diém nao do day treo bi dut. Xac dinh phan lyc dong tai 4,
ngay sau khi day treo dut.

3) Goi R, (—0)la d6 16n phan lyc tai A trude khi day treo bi dut, R, (+0) la do lén
R, (40)

phan Iyc tai A ngay sau khi day treo bi dirt, tim ty s6

!

T y SB()
|
S ' C
o |
| YAI/I P
AP X,
< a :!: 3a
Loi giai
Bai 1:

Céul: St dung dinh 1y dong néng dang dao ham:
Biéeu thiic dong nang
1 1
Ir=T1,+1,= E(JAC‘JQ + mZvi); S, = 3
1 A I?
T = E(Q +15P)—w" = EJ w' s J, =(Q+15P)—;
9

tg

Bi€u thirc cong suat:

ZWk = Mw

Ap dung dinh ly:
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—ZW J, dw ]\_45;
o dt

_ M M
w=z0—oeg=—= g = const

J,  (2Q+9P)(r1+12)

tg

Tay quay quay nhanh dan déu

Cédu 2 Tinh luc &n khop gifra hai banh rang: Ky hi¢u an khop quay S:

Viét phuong trinh vat quay ddi voi banh ring 2 quanh truc qua A

_ JeEg o _ l_ J I _
JE =8ncosa—S=—="2-F =—F>85=—"9>2—F
T, COS ¢ T, 1 cos a
Ciu 3. Xac dinh chuyén dong : M = M, — kw’
Biéu thurc téng cong suét:
ZW — kW)
DPinh ly dong nidng dang dao ham:
M, — k&*
a7 — =)W, —J wdw (Mo—ka)cUHE:(’—w
dt dt

Van toc goc gioi han:

M,
t /o /)5 —kdt =M, —-E=0—-0T_= #:const

Biéu thirc @(t):

d(w+ d(w —
‘dw :—idt 1 ((w w )_ (@ ww))zi it
- @ 7, W, (@tw,) @-w)
d( d( — 2w _kdt 2w _k
LA te,) d@mwe,) 2ok g = 2
(@+w) (0—w) J, J,
Tich phan hai vé, ta nhan duogc
lni(cj+—u)°°):k0t—>ﬁ+w =C(@-w Yt
C, (-w ) o o
N \ ek“t 1
biCukiéndauw: t=0: w(0)=0—-C=-1->0=w_— ;
e’ +1

Bai 2
Cau 1. Ban va ghe dung yén
a) Biéu thirc dong nang va cong suat
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T =0.5J w,. 4+ 0.5m v’;w, =4 /1], = 0.5m r*
— T = 0.75mu’
Biéu thirc cong suat: W = —[mg cos a + c(u— 1, )] U

Ap dung dinh 1y dong ning dang dao ham
aT

i W — 1.5mii = —[mg cosa + c(u— lo)]
b)Tim chuyén dong
. cl, —mgcosa
1.5mii + cu = ¢l — mg cos a — @i + k*u = g;k(" - _¢
1.5m 1.5m
. I — I —
Pua vao bién méi: £ = ¢ — 0 ICBE G TMICRA
1.5mk? 1.5¢

Pua phuong trinh vé dang: € + k°¢ =0
Nghiém phuong trinh c6 dang:

& = Asin(kt + 5);

Trong d6 A va 8 duogc xac dinh tur
diéu kién dau:

§, = Asin j; éo = —Akcos 8

2
()
ae

cl —mgcosa
= U ——0 7
% 0 1.5¢

3 = arctan —2;
v
0
cl —mgcosa
u = Asin(kt + () i At
1.5¢
¢) Luc tac dung 1én dia C ) i
- Phuong trinh chuyén dong vat chuyén dong song phang
mii = —R, — c(u—[,) — mgcos a = —R, — cu + cl, — mgcos o
0 =R, —mgsina;
U
JC ; = RtT
- Xac dinh cac luc
cl, —mgcosa
ii = —Ak’ sin(kt+ 3); u =Asin(kt + ) + %
.5e
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J, = 0.5mr” , ii = r¢ tatinh duoc:

R = mgsin q;

R =1J, % — 0.5mr? 7% — 0.5mii = —0.5mk*Asin(kt + )

= —0.5cAsin(kt + )

C6 thé tinh R, tir phuong trinh:

cl, —mgcosa = 1.5mii + cu

R, = —mii — cu + cl, — mg cosa = —mii — cu + 1.5mii + cu = 0.5mii
= —0.5mAsin(kt + 3) = —0.5cA sin(kt + ()

/ v ¢l —mgcosa
Trong d6:A = ,|& + L ; & =y ——L———
R o 1.5mk’

Céiu 2
Trudng hop ghé bi ket va ban DO chuyén dong theo lut:
y = Hsin(Qt) — §j = —HQ sin(Qt) = —Q%y
bia C chiu tac dung céclluc gf”)m trong luc, luc dan hoi 10 xo, phan lyc cua duong
lan (phan lyc phap va tiép) va luc quan tinh theo

s

%

a) vHé luc quan tinh theo (tinh ti€n) , c6 hop lug dat tai khoi tam C theo phuong

thang ding va hudng 1€n (cung phuong cung chiéu véi y(t))
F" = —mjj = mQ’H sin(Qt)

b) Viét phuong trinh chuyén dong song phing cho dia
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0=R +(F" —mg)sin
mii = —c(u—1) + (F" —mg)cosa — R,

3, . T
JE=Rr, =201 Y=Rr— R =2 = 05mii

r r r?

St dung bién ¢ thay cho bién u tir hé phuong trinh trén ta nhan duoc:
1.5mé + c& = mQ*H cos asin(Qt);

R = mgsina — mQ*H sin asin(Qt);

¢) biéu kién dé dia C khong roi duong lan

R >0, tie: 0 < L
n H

d) Chuyén dong cta tam C
Pua phuong trinh vé dang:

E4Re=H snQt : =510 7y
+ = sin 2t ; =— =

! m " 15
Nghiém cta phuong trinh:

§ = C,sinkt + C, cos kt + Bsin(2t);

Nghiém riéng:

§ = BsinQt — Z = BQcost ,{T = —BO* sin Ot
Thay cac dai lugng nay vao phuong trinh, xac dinh dai lugng B:
H
B=— 092 s khi k> Q)
Nghiém tong quét c6 dang:

cl, —mgcosa
1.5¢
Cac hang so C; va C, dugc xac dinh tir diéu kién dau (vi tri dau va van toc dau)

H
u = C, sinkt+ C,coskt+ ——"—sin Qt +
k=

Ciu 3. Truong hop ban DO c¢b dinh,ghé quay quanh truc 0: Hé ¢6 hai bac tu do.
Chon toa d¢ suy rong la cac goc dinh vi ¢ vau

a) Biéu thuc dong ning:

T = 0.5J0<p2 + O.SJwa + 0.5mv2

2
Ly 7 $in g + u cos ) + sin i
= 0.57,8" +0.5] (¢ +=)" +0.5m (rsinp @) + sin il

r + [(7“ cos i — usin ) + cos gour
= 05[], + m(15r" + )| " + 0.5(1.5)mii” +1.5mr i
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A

b) Lyc suy rong
Bicu thic thé nang:

7= 0.5¢(u —1,)" + mg(rsing + ucos ¢);

Q(:) — _g_z = —mg(r COS ¢ — u sin <P);
B 0
0" — _8_7;: —c(u—1)

Luc suy rong cac luc khong thé:

Q =M; Q" =0
Vay @, = M —mg(ucosp —rsing); Q, = —c(u—1)
¢) Phuong trinh chuyén dong
40T _OT __on . 40T 0T _ on
dt 0p Oy g Tdt 9 du ou
{JO + m(1.5r* + uZ)} ¢+ L.5mri + 2mupt = M — mg(r cos p — using);
1.5mr@ + 1.5mii — mup® + cu + mg cos g — cl, =0
Chiry: |
Co thé tinh biéu thirc dong nang va luc suy rong cho truong hop tong quat: vt
C.ghe va ban DO déu chuyén dong ,sau do moi ap dung vao tung truong hop cu
thé theo yéu cau cua dé
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Biéu thirc dong nang cta hé:

T = %(m1 + m, )y +%J0<p2 —i—%mvé +%ch25 b, =¢ —i—%;

T, =TCosp —using;y, = rsing + ucos p;rrr

T, = —(rsinp + u cos p)p — sin pi; g, = (r cosp — usin )P + cos Yu;

Ué = x? + yé = u’p’ — 2usin up + r’¢° + 2rip + 2r cos Yyl
+2r cos iy + U + 9’

T = %[(m1 +m, 4+ m)i + (], + Lomr® +mu)p® + 1.5mai

+m(r cos p — usin @)yi + mrdgb] ;
Thé ning:
m = (m, +m, +m) gy + mg(ucos p + rsinp) + 0.5¢(u — 1 )°
Céc luc suy rong khong thé:
Q. = MQ, = 0;Q, =0

Xét cac truong hop:
1) y = 0;¢o = a = const;
[, —mgcos
T, = gmUQ;Qu = —c(u—10) —mgcosa;& =u A

1.5mk’
PTVP: E+k€¢€=0— &= Asin(kt +8); k = —

1.5m
2
k
A= ,fo + ; 8= arctan—go
0 k;? v

0

2)p = a = const; u = u(t);y = H sin(Qt)

I

1 . . ..
T, = 5[(7711 +m, +m)y* + 1.5mi* + 2m cos ayu];
Q, = —(m, +m, +m)g; Q =—-mgcosa—c(u—1)=—cu
Phuong trinh chuyén dong viét cho toa do u (§j = —Q’H sin Qt ):

1.5mii + cu = mHSY cos a sin ¢ +cl, —mg cos
2
PR = OH

)

H 2
& = Asin(kt + 6) + 0 _sinQt; Hozm.k2 c

E —Q? 1.5 1.5m

cos a sin 2t;
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A,y — duogc xédc dinh tir didu kién dau (£(t,) = &, £(t,) = v,)
3) Truong hop y = yo = const,u = u(t), o = ¢(t)
y =1y, = const,p = ¢(t),u = u(t);

T, = %[(J1 +1.5mr? +mu’ )" + 1.hmr’u’ + mmgb] ;
Hé PTVPCD dang phuong trinh Lagrange 2:

1.5mii +mr$ — mup® + cu = 0;

mri + (J, + 1.5mr* 4+ mu®)g + 2muigp = M — mg(r cos p — usin @)
Bai 3

Cdu 1. Phan lyc tinh

0
AY g,
| ' B
|
S _ | ¢
Y. P
A4 - -
A %X X
< a :I: 3a

Hé lyc can bang @(}3, §, )?A, ?A) = 0 — Heé phuong trinh can bang:

YF =X\, =0
YFE =Y, —P=0
S, (F) = —Pa+ 3aS, =0 —

XZ:(]; Yt:zP; S :lP
4 3 BC 2

A

A

Phan lyc tinh: R = \J(X')* + (Y1)* = %mg

Céu 2. Phan lyc dong luc sau’khi d:21y dat. Sau khi day dut thi S=0, tAm quay quanh
truc qua A. Giai phong lién két. Viét phuong trinh vat chuyén dong song phang
mi, = XZ 5 mijc = Y: -P J.o= Xj b cos p — Y: b sin ¢;

b=CA=a2

Tt hinh vé tinh duoc:

33



T, = bcos(g—gp) =bsing; y, = bsin(g—go) =bcosp —

i, = b(cos p@ —sing’); ¥, = —b(sinp@ + cos pp”)

Thay cac h¢ thic vao phuong trinh:

X =mi, = mb(cos o — sin p@?);

Y =P —mb(singp + cospp’);

(J,. +mb*) = Pbsing.

Tai thoi diém day duat,tinh dugc

V2

‘P(O) = %790(0) = OQJC + mb* = %maQ + 2ma® = ?maz;sincp = 7

.. 3mg
— 0 fry

¢(0) L0a

d - 39 d . . Tmg
X =mbeosp(0)p(0) =7+ Yy = myg —mbsinp(0)p(0) = =%
RY = J(XU) + (V') =0.1358myg AY
e~ ———————
Tinh hé s6 ka: :
RY(0 '
k, :#:0.15@:1.142 |
I 7

Phuong dn 2:

St dung phuong phap tinh —dong luc hinh hoc:
bit luc quan tinh khau song phang:
—=n —qt

R
g _ - . - =t . — A
R" =—-ma, ; a,=a +a,; m,=—-J.p

Dt Pt Pt . gt >t Thgt —qt, ot B “n=
R =F"+ F" F" = —ma;F" = —mad";a, = mgT;a, = —bp"n,

r n 7t
Trong d6 : 7,7, la cac vec to don vi theo phwong tiép tuyén va phép tuyén cta quy

dao cia khdi tam C i i
Thanh 1ap “phuong trinh can bang” cho hé luc gom céc luc:

@(ﬁ‘pﬁ?égt?mgf) =0
ZFF = XZ —i—RZt singo—th cosp = 0;
ZFy =P+Y] — R cosp+ R sinp = 0;
ZTTLA(F): —J % —mb’$ + Pbsinp = 0

Tur phuong trinh cudi ctia hé phuong trinh, ta tinh dwoce: $(0) = 39

10 a
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Thay diéu kién tai thoi diém day dirt ta nhan dugc két qua trong phuong an 1

Phuong dn 3
Budc 1: Viét phuong trinh chuyén dong khdi tim ta duoc:
mi, = Xj; my, = Y/f — P;
Thay cac biéu thtrc gia toc khdi tim vao phuong trinh, ta nhan dugc:
mb(cos p@ — sin @) = X; P — mb(sin p@ + cos ) = Y|
Budc 2: Viét phuong trinh vi phan vat quay quanh truc qua A :
J @ = Pbsing — (J, +mb*)¢ = Pbsin ¢
Tur do tinh duoc gia tri ciia gia toc goc tai thoi diém day dut:
B0 = — =
(J, +2ma”) 10a

Ta nhédn dugc két qua can tim (tring vai cac két qua trong cac phuong an trén)

Phirong én 4: c6 thé dung phuong phap Tinh -Bong luc dang giai tich bang tinh
lyc suy rong ctia hé luc gom céc lyc that va lyc quan tinh,..
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Pé thi nim 2018

Bai 1. bia tron ,dé)ng chét, c6 khdi lugng m, b.::in kinh 7, 1an khong truot theo cung
Y4 duong tron co dinh AB ¢6 ban kinh R, chuyén dong trong mat phang dimg

1) Khao sat chuyén dong cua dia lan khong truot khi goc ¢ thay dbi trong
khoang0 < ¢ < 7 /2, tim C cuta con lin c¢6 van toc dau v, theo phuong ngang
hudng sang phai. B6 qua ma sat lan

a) Tinh gia tdc goc va vén téc goc con lin theo goc ¢

b) Tinh phan Iyc tiép tuyén va phap tuyén tai diém tiép xuc giita dia va cung tron
theo goc .

2) Tai vi tri tng véi ¢ = 7 /2 dia bat ddu chuyén dong quanh diém B. Khao sat
chuyén dong cua dia quanh diém B khi ban kinh CB cua dia quay tir vi tri ndm
ngang dén vi tri thang dimg ,(0 <6 <7 /2)

a) Tinh gia téc goc va véan tde goc cua dia theo goc 6

b) Tinh phan lyc phap tuyén va tiép tuyén tai mau B tac dung 1én con lin

3) Tim diéu kién déi v6i ¢, dé khi tim C ndm trén dudng By (0 = 7 /2) dia c6
thé roi khoi mau B . Khao sat chuyén dong tiép theo cua dia.

AY
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Bai 2. Ba con lin dang dia tron dong chét, khoi
lwgng m, ban kinh r lién két voi nhau nhd ndi
béan 1€ vdi tam cling c6 dang tam giac déu, dong
chat c6 khoi lugng m» md men quan tinh khoi
ddi vai truc qua 0 va vudng goc voi mat phang
clia tim 13 J, . Cac con lan, lan khong trugt
trong vanh banh xe , dong chit,co khdi luong
m,, ban kinh R = 3r. Co cAu dat trong mat

phing ding. B0 qua ma sat tai cdc truc quay A,B
,C va O. Tam ABC chiu tac dung ngau lyc
M, =M, —a); trong 46 M ,a la cic hing

s6 d3 biét, con 2 — van téc gdc cla tdm, con vanh lin khong truot theo duong
ngang dudi tic dung ngau lyc c6 md men M, = const . B6 qua ma sat 1an. Khao
sat cac truong hop sau:

1) Vanh duogc gitr dimg yén. Xéac dinh chuyén dong cua tim va cia cac con lan,
tinh phén luc tiép tuyén tac dung 1én cac con lan tir vanh

2) Vanh dugc gilr dimg yén. Khao sat vén tbc goc cua tm trong ché do binh 6 on,
tinh thoi gian T dé van toc goc cta tim dat duoc 95% van téc goc binh 6n. Ban
dau hé dung yén.

3) Truong hop vanh dudi tac dung ngau luc M, lan khong trugt theo duong
niam ngang. Viét phuong trinh vi phan chuyén dong cta co hé theo cic toa do
x,p ,trong 36 = — toa dd tam O, ¢ — gbc dinh vi cla tam (co6 thé chon 1a goc gilra
OC va truc ndm ngang x). Bé qua ma sat lan.

Bai 3. Mot tay may chuyén dong trong mit
phang dung gom hai khau: khau OA quay quanh
truc ¢c0 dinh O nho dong co c6 md men
M=M,—pw, trong d6 M ,B la cac hang sb
di cho, w - van tde gbc cua khau OA, khau BC
chuyén dong theo ranh nghiéng voi duodng truc
cua khau OA mot géc o dudi tac dung cua luc
day F tir dong co thuy lyc, F = F, —~v trong

dé F,~ la cac hang s6 , v - vén toc cua pittdng

(ctia thanh BC chuyén dong tinh tién khong ma
sat doi vai ranh).

Tay may mang vat M c6 khdi lwong m dugc kep chit trén diu mut cua thanh BC va
duogc xem la chat diém.Chon cac toa do suy rong la ¢ va u, trong d6 ¢ la goc
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quay cua khédu OA ké tir vi tri ngang, u — d6 dich chuyén cua pit tong BC so véi
xy lanh dugc gan (cimg) trén khau quay OA va nghiéng voi duong tryc thanh OA
mot goc a = const . Lo xo lién két gilta thanh OA va BC c6 d6 cliing ¢ va do dai
khong bi bién dang 1a [ . Thanh OA manh, déng chét, c6 khéi lugng mi, co chiéu
dai [ . Thanh BC c6 khéi luong m, , manh, dong chét va c6 chiéu dai tuong tmg la
[,. B6 qua ma sat tai cac khop quay va trugt.

1) B6 qua khéi luong thanh BC. Viét phuong trinh vi phan chuyén dong cia tay
méy; , : 7

2) Gia st tay quay OA quay deu voi vén toc goc w. Xac dinh chuyén dong cua
khau BC (b6 qua khoi lugng thanh BC); i )

3) Tinh dong nang cua co hé va lyc suy rong khi ké thém khoi lugng m; cua thanh
BC theo cac toa dg suy rong o, u va cac van toc suy rong 1,

Loi giai
Bai 1.
Céu 1. Chuyén dong ctia con lan khi 0 < ¢ <7 /2
a)Tinh €, theo @

Phuong trinh chuyén dong cta con lin

ma, = —mgsing — F; (1)
Ly @
m = N — mg cos
(R—1) g P
1
Emr25 =—Fr (3)

U,=[B-rjp—=g=a/(R-7) (4)

t

Thay (4) vao (1) va tir (3) ta tinh dugc €
E=—Zgsing 5)

Van téc v duoc tinh tir dinh ly bién thién dong nang:
Biéu thirc dong nang: T = 0.5(mv” + J w’) = §mvf

Thé ning cua trong lyc: 7 = 0.5(R — )(cos p — 1)
Dinh 1y bién thién dong ning:

T-T =n,—m— %(mvf —mu,) = —mg(R —r)(1 - cosp)
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— mv’ = mu —%mg(R— r)(1 — cos p);

Van toc goc cua dia: w® = < = —

iy = 1 .
Tur (3) tinh phan lyc tiép xtc: F, = 3 mg sin ¢

Tu (2) tinh dugc:
muv* 4

N = ¢ 4+ mgcosp = v’ —=g(R—7r)(1—cos
B IS R S8l =) %)

Ciu2. Chuyén dong con lin quanh mép B
0 <6 < /2 :Diéukién dé con lin quay
quanh mép B:

A , 4
biéu kién: N >0 — v, > gg(R —r)
Phuong trinh chuyén dong ciia con lin quay
quanh mép B:

ma, = F, —mg cos 0,
2

ml =N + mgsin 6;
r
J,€ = —mgr cos b;
(JB = 0,5mr* + mr* = 1.5mr2)
Tu day tinh dugc: € = —LOSH;
1.57

Str dung dinh 1y bién thién dong nang cua vat chuyén dong song phang
(hoac phuong quay quanh tam vén toc)

. . 2 2 49
2 2 2
EJB(w —w|)=—mgrsinf — w :w1—§;81n9
2

E, :mg(l—g)cosezémgcosé); N = m(gsin@—v—)
-

Trong do:

V' = —égrsinezvs —ég(R—r)—égrsinﬁz v —ég[(R—T)ersinG)]
3 3 3 3
2

2 1)0 49 .
—w =—2———|(R—7)+rsiné
r* 3 [( ) )]
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Ciu 3.
a) Piéu kién dé tai mép B con lan roi khoi mép tai goc 0 = 0.57 va

N=0: Do d6: (v*)z =gr Y

Trong d6 v, vén toc ciia tam C trén duong v

thang dimg qua mép B, tirc 1a véi § = 0.57 .
Ung v6i truong hop nay:
. v 4 . 4
W’ :—?——gR — ' = fu[f ——gR
r* 3 3

Tu (7), khi ¢ = 0.5m — v} = ] —%g(R—r)

tinh duoc:

4 4 4
V=0 ——¢g(R—r)——gr=v"——=¢gR .
A 39( ) ST =t =5

Do d6 diéu kién dé dia khi dén vitri = 0.57 , tirc khi tim C trén duong thang
dtmg quaB ro1 khéi mép B s€ la:

U?:gRva—ggR:gRﬂvgzggR

b) Chuyén dong tiép theo cua dia( chuyén dong ty do cua dia dudi tac dung
cua trong luc):

mi = 0;
my, = —mg;
Jih=0

Piéu kién dau:

Tu do ta duoc:

7 1, Tg
T, =, |=grtyy, = ——gt” +rp = | —1
¢ \/39 Yo 59 Y ,/3r

Tam dia s& chuyén dong theo parabon:
71

2
=———x +r
e 6r* °

Pia s& quay déu voi van tée goc: Q = )(0) = Jﬁ = const

3r
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Bai 2.
Céu 1. Vanh ding yén. Xdc dinh chuyén dong ciia tim va cua con lan. Phuong
trinh chuyén dong cua cac dia:
Bicu thirc dong nang
1 3 1
T==J,+3-=m@2r))p" ==J ¢
S, +3-Sm@f ) = ¢

Jg = J2 + 18mr?

:
Thé nang 7 =0 (khéi tam cua h¢ tai O)
Luc suy rong cia luc khong thé:

Q, =M,

Phuong trinh chuyén dong cta tim:
Pinh 1y dong nang dang dao ham:

ir

s

J,p=M,—ap

d(M, — ag
Gt B S P
M, —ap J J

M M J
— =t =St e )
(0% (0% «
Xdc dinh phdn liee tiép tac dung 1én con lan

Viét phuong trinh vi phan chuyén dong cua con lan ddi véi khdi tam C:

y J 0
JO=—-Fr ; -F =——
’ r
M _ @ ¢
Qi_h_(p’hzgr F'_mr 0o
r ms Jl
tg
Céu 2. Khio sat chuyén dong binh 6n:
M
p="0 (1)
I3 @ I3
Che d¢ binh on:
M ; :
w, =limw(t) = lim @(t) = —*~ %;37 -
0 t—o0 t—o0 o

Thoi gian dé van toc dat duoc 0.95 w, :
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« «
-2

. M M T
W =w(l)=095w, - —(1-e™ )=095—L—0.05=—¢ "
(6] (6]

o J|
—» -7 T=mn005=-n20—~T= —£1n20

tg @

Cau 3. Vanh lan dudi tic dung ngu luc c6 md men M, :

T —

v

(m,d” + J192) = ma*;J, = mR* =i/ RT = %(in‘2 + J,¢%);

T:

1

N | = N =

1
(mv} + Jw! +mv) + Jw) +muv: + Juwl);J = EmTQ

T, =z +hcosp;y, = hsing;

&, =& — hsingg;j, = heos pp — v) = & + h*G* — 2hsin pi;
h=R-r=2r:

2, = + hcos(p + 27 / 3);y, = hsin(p + 27 / 3)

— &, = & — hsin(p + 27 / 3)p;7, = hcos(p + 27 / 3)¢

— v =2 + h*” + h(sin g — V3 cos )i

z, = x + hcos(p + 4w / 3);y, = hsin(p + 47 / 3);

— &, = & — hsin(p + 47 / 3)@;9, = hcos(p +4m / 3)p

— vy =&+ h'Q" 4 hsing + 3 cos ©)iP;

2

2 2 _ 2
W =W, =w, =

T .
—+2p
r

1 9 .., 1 . .
T = 5(2m1 +m, + Em)x2 + 5(J2 + 18mr* ) + 3mrig
. M, —M,
Luc suy rong; Q) = —g Q, =M,
Phuong trinh vi phan chuyén dong:
(M, — M, + ap) .
R

9 .. -
(2m, +m, + Emd)x +3mry =
3mri 4 (J, +18mr* )¢ = M, — ap;
Bai 3.

Ciu 1. Viét phuong trinh chuyén dong cia tay may:
Bicu thirc dong nang:
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1 ; . . ;
T = E(mlvf + Jw? +mu, +mv’);
v, = 0.5] p;
x, = I cos ¢ + (0.5, — u) cos(p + )
&, = —0.5] sin pp — (0.5 — u)sin(p + a)p
—cos(p + a)i;
y, =1 sinp + (0.5, — u)sin(p + a)
4, =1, cospp — (0.5, — u)cos(p + a)p
—sin(¢ + a);
v = (@} +9;) = 0.25['¢%;
v, =& + 9, =09 + (I, —u)’¢” + v’ + 20 (0.5], — u)cos ap” — 21, sin cviigp
V=2 + " =09+ (, —uw)’t + 2L (L, —u)¢’ + 4 — 21 (I, — u)sin i
bong nang co thé viét trong dang sau:

1 . L. .
T B 5(0/11(‘02 + 2(11280” + a22u2).
a, =m(l; +(1 —uf +2(, —u)cosa)+J ; a

11 =m;

22

a, =a, = —ml sin «;

Trong d6 : J =J;+J> ;J, - md men quén tinh cua khau OA dbi véi truc quay O,
J, - md men quan tinh ctia khau BC ddi véi khoi tam
Biéu thirc thé ning:

. . . 1
T = mgrsinp + mg[l1 sin ¢ + (I, - u) sin(p + oc)] + Ec(u 1)

Céc luc suy rong s€ la:
Q, M—gi—M 0.5m, gr cos ¢ — mg[l cos ¢ + (1, —u)cos(g0+a)]
2

Q :F—?:F—i—mgsin(ap—i—a)—c(u—l):
u

u

Phuong trinh vi phan chuyén dong cua tay may:
Viét phuong trinh Lagrange 2 d6i voi cac bién o, u

doT 9T _, ddT 9T _

. ; Q,

Ta nhan duoc
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(J +m(l + (I, —u)® + 21 (I, — u) cos a)¢ — ml, sin cvii

= M + mg(u —1,) cos(¢ + a) 4+ 2m(u - I, + [, cos )

—ml, sina@ + mii = F + mgsin(p + o) — c(u- 1)) - m(u + 1, + 1, cos )’
Ciu 2. Trudng hop khau 0A quay déu véi van toe goc w — ¢ = wt
Phuong trinh vi phan chuyén dong cua pit tong(khau BC):

mii = F, —yi +mgsin(wt + o) — c(u -1 );

Dua vé dang:

i+ 2nu + k*u = FO + gsin(wt + a);

- F 4
2n=v/m Kk =c/m:F = 0 %
m
, . F
St dung bién: u :u—k—g

Pua phuong trinh vé dang:
i 42ni" + kv = gsin(wt + a)
Truong hop n < k ,phuong trinh c6 nghiém dang;
u = Ae " sin(k't 4+ B) + Hsin(wt 4+ a —¢)

g 2nw
; € = arctan > 5
\/(k2 ~ ) 4 Ant? k2 — w
A, 3 duoge xac dinh tir diéu kién dau
Céu 3. Truong hop ké dén khéi lugng thanh pit tong
T =1mg [ll sin ¢ 4 (I, — u)sin(p + oz)] +m, [l1 sin ¢ + (¢, — u) sin(p + a)];

IRE S
¥

Trong do: H =

—mZg[l1 cos ¢ + (¢, — u) cos(p + a)];
or

Q, ZJ-”—a—:f-I“r(m2 + m)gsin(p + a)
u

Ma tran quan tinh:
a, =m(l, —u)’ 4+ ml cosa(l, — u) + m,(c, — u)* +m,l cosa(c, —u)
+J, +J,:

a, =-(m+m,)l sina;a

12 =m+m,

22
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Pé thi nim 2014

Bai 1. Hé can bang trong mit phang ding nhu hinh 1. Cot OA thang dung, trong
luong P. Thanh ngang BD trong lugng khong dang ké gan cing v6i cft, chiu tac
dung cua luc‘F , ngau lyc c6 momen M va hé lyc phan bo véi cuong do ¢g(x). Day
AE tao véi nén ngang géc « ;

Soligw: OA=h =10 m;OB =h, =8 m; BD = =3 m;

q(r) =9 —2* N/m; P = 5000 N; F = 40-Q; M = 75/° Nm;

a =45"a =80",0 =25

*1) Xac dinh hop luc O, khoang cachz,, .

*2) Xac dinh lyc cang 7 day AE, céc luc lién kéttai O va B phu thudc goc o .

*3) V& do thi T(a); a = |a

*4) Khi a = o = 67", x4c dinh tri s6 cua 7 va céc lyc lién két tai O, B.

o]
min max

Ghi chii: SV ghi vao bai lam trén gidy thi: *1) Tri s6 cia Q,x,. *3) Dang dé thi
T(a) *4) Cdc tri s6 ciia T va cdc luc lién két tai O, B.

q(x)

Hinh 1

Bai 2.
Co cdu chuyén dong trong mit phing Oxy nhu hinh 2. Tay quay OA = r quay
quanh tryc O theo phwong trinh ¢ = 1,5¢ rad. Con trugt rdng c6 thé quay quanh
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truc C. Thanh BM nbi v6i OA bﬁng ban 18 A’ va ¢6 thé truot trong con trugt C. Dat
gbc OCA =a, khoang cach tir truc quay C dén A 1a CA = u.

Sb litu: h =60 cm; =30 cm; d =10 cm;

tf =10 s.
*1) Xac dinh u,a theo ¢. V& do thi u(z),
t =10, t,]
*2) Xéc dinh toa d6 diem M (z,,,y,,). V& quy

dao diém M trong mit phang Oxy, ¢ = [0, ¢ f] .
*3) Tai vi tri ¢ = 0,57 : Xac dinh van tde gbc
Wy, » gla toe goc €, cua thanh BM va toa do
diem M (z,,,y,, ).

Ghi chi: SV ghi vao bai lam trén gidy thi:

*1) Dang do thi u(t) *2) Dang quy dao M.
*3) Cdc tri s6 ciia w
Bai 3. i i
Co cau cu lit chuyén dong trong mat phang
dtrng nhu hinh 3a. Truc O; ctia dong co gan voi

€

BM’~BM?’ xM’ yM

Hinh 2

banh rdng 1 c¢6 ban kinh R , mé men quan tinh d6i voi truc quay la J,. Momen
ctia dong co phu thude van tdc goc M, (¢) c6 dang nhu hinh 3b. Banh ring 2 c6
ban kinh R, mémen quan tinh dbi voi truc quay la J,. Trén banh rang 2 c6 gin

chdt cua con trugt 3, khoi lwgng con truot 1a m;. Khoang cach tir truc O, toi chdt
con truot la ». Nhanh thang ding cia culit 4 trugt trong con trugt 3, con nhanh

ngang chiu tac dung cua luc P. S6 liéu: R =03m;R, =0.6 m;r=03m,
J, =05 kgmg;J2 =1 kgm?; m, = 0.5 kgym, = 2.5 kg

P =5+ 5sign(i) — 0.25&; 4 = dz / dt;0(0) = 0; 6(0) = 0.1rad/s; t, =3.

*1) Tinh dong ning ciia co cdu T = T'(6, ), thay s6 lidu vao T. Viét dang giai tich
cia M (¢).

*2) Lap phuong trinh vi phan chuyén dong ciia co cu theo 6(t). Giai phuong trinh
vi phén bang phuong phap s6. V& trén 1 hinh db thi 6(t) va 6(t), t =0, t,]. Cho
biét gid tri 6,0 lc t =1 =1.

*3) V& trén 1 hinh d6 thi luc P(z) va di chuyén x(z) cua culit4, ¢ = [0, ¢ ].
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3
______ (2007777, P
V777770
Hinh 3a

Ghi chu: SV ghi vao bai lam trén gidy thi:*1) M
» . r A
Biéu thirc T = T(0,0) sau khi da thay sé lieu ' |

vao T. Dang gidi tich cia M (0).  *2) Gia tri
0,0 Iac ¢t =1. *3) Dang do thi P,z .
Bai 4. ) ]
Robot ¢6 cau trac nhu hinh 4. Tryu thang dung
c6 moémen quan tinh doi voi truc quay la J,

100

chiu tdc dung cuia mémen M quay quanh truc
Oz, goc quay ¢(t). Thanh nim ngang AB = (0,0)

L, , khoi lugng thanh khong dang ké. Dau A

s

20

v ) i Hinh 3b
gdn doi trong c6 khoi lwong m ,, con truot C dé

diéu chinh c6 khéi lugng m,,. Lo xo ¢6 d cimg ¢, d6 dai khi khong b bién dang la
;> chiu lyc nam ngang F do try ding tac dyng. Thanh théng ding DE=1L,, khdi
luong khong dang k€, dau D c6 gan khoi lwong m,, chiu lyc thang dang F, do
thanh ngang AB tac dung. Chon cac toa do suy rong cho hé 1a ¢(t), r(t),h(t) vaky
hi¢u w = ¢(t),v. = 7(1).

Sé lidu: J, = 0.2 kgm*;m, =3 kgym, =1kg;m, =2 kg;g =10 m/s’
H=15m;L =1m;L, = 0.6 ma= 0.3 mjc=20 N/m;j = 0.01 m

M =10 —5¢(t); F. = —50[r(t) — 0.6] — 207(t)

F = —m,g — 15[h(t) — 0.5] — Th(t)
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| L

D
| r(t) _
A F r | B " F h I
L
C C a L2
h(1)

! N

aw)
O
X y Hinh 4

1) Tinh dong nang T cta hé theo (p,r,h, o, T, h) . Tinh thé ning cua 10 xo va céac

trong lyc. ] . )

2) Lép phuong trinh vi phan chuyén dong. Giai bang s6 phuong trinh vi phan
chuyén dong voi di€u kién dau:

©(0) = 0;¢(0) = 0; 7(0) = 0.3;7(0) = 0; A(0) = 0.1;(0) = 0.

3) V& trén 1 hinh d6 thi r(t),h(t);t = [0,¢,];t, =10 s.

4) V& quy dao diém E, ¢t = [0, tf]. Xéc dinh toa d6 diém E luc t = t,.

Ghi chii: SV ghi vdo badi lam trén gidy thi: )
*1) Cong thirc tinh dong nang T va thé nang. *2)Puwa ra cdc gia tri tai thoi diém
t=1s: 1) =2¢1) = 2;7(1) = 2;7(1) = 2, k(1) = 2;h(1) = ?

*3) Dang do thi (t),h(t).  *4) Toa do E hic t = t,.

Bai 5. Cho co hé chuyén dong trong miat phang dimg (Hinh 5) gdm mét éng 1, co
trong tim tai O; va md men quan tinh ddi véi truc quay 1a J|, chiu tic dung ngau
lyc c6 mé men M, . Mot con trugt 2 dang tAm chit nhat d(“)ng chét, c6 truc dbi xUung

la Oz

T, khoi luong m, chuyén dong véi ma sat can nhot hé s6 d (trc lyc ma sat ti

1¢ bac nhat véi van tde trugt tuong dbi cua con truot trong 6ng), co trong tam C,
mdémen quan tinh dbi véi truc qua C 1a J, . Kich thuge con trugt la 2a va 2b va lién
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két voi dng bang 16 xo tuyén tinh c6 do ctng 1a ¢. PO dai 16 xo khi chua bi bién
dang bang bang lo. Mot dia tron dong chat ’3, ban kinh R khoi luong m, quay
quanh truc qua O (goc trén cua con trugt C) gan véi con truot cach tam I mot doan
e =0I=0,5R va chiu tac dung ngiu lyc M, tr con trugt C. Chon céac toa do suy
rong 1a ¢, u va 6 nhu hinh vé.

2b (-9l 3

1) Tinh biéu thirc dong ning cua hé va cac luc suy rong. Viét ra biéu thirc dong
nang dang
T= %mu(ﬁ + mwgbd + m13¢9 +%m2zu2 + m231'u9 +%m3392 :

2) Xét truong hop truc O trung véi khéi tam C cua con truot 2. Hay viét phuong
trinh vi phén chuyén ddng cua co hé theo cgic toa do suy g@ng; .

3) Giai bang s0 phuong trinh vi phan chuyén dong véi dicu kién dau:

©(0) = 0,4(0) = 0,u(0) = L,,4(0) = 0,0(0) = 0,6(0) = 0.

Str dung bo s6 liéu sau dé tinh toan
11=0.2, J,=0.2, m,=0.3, m3=0.5, a=0.2, b=0, R = 0.4, e=0.5*R, g=10
¢=100,L0=0.2,/1=0.1Lo, d=2

Ghi chu: SV ghi vao bai lam trén giday thi:

*]) Biéu thirc bang chi cac dai lwong m

m._,m.,m

127 """137
*3) Pua ra gia tri cac dai lwong o, o, u,, 0,0 tai thoi diém t=1s, véi
M, =30—6p, M, =10—20.

Vé do thi theo thoi gian cac dai luong sau:

@(t),0(t);t =10,¢,]; ¢, =10s. (moi dai heong trén mot hinh)
u(t),u(t);t = |0, tf]; t, =10 s. (trén cing mot hinh)

" 593 Mhygs My VA the nang hé.
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Loi giai
Bai 1 ’
1) Thu gon lyc phéan bo

1
Q= [q(a)de =18 — F = 40Q = 720
0

l
T, = Qflf zq(z)dr — x, = 1.125
0

2) Xéc dinh luc lién két
6PTCB — T(«)
3) P thi T(a)

2500
2000

1500

1000

0z 08 10 11 12 14
i

4) Pbi cac goc sang radian. Giai PTCB khi o = 67°

T = 1301.958211, X0=204.4304523, YO =6869.000460
Xp =-304.2851485, Y = 670.5416066, mp = 2652.874820

Bai 2
1) Giai cac dinh 1y cos va sin trong tam giac ta duoc:
u:\/r2+h2—2hrcos<p, sina = P
u
D6 thi u(t) va aft):
ne
0zr
0.5
0.3 T T T T T T T T T T 1
1] 2 4 f 3 10
f
—— Do thiu(t) |
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e
e sEaie

|—— Do thi alfat) |

2) Quy dao diém M: 3) Van toc goéc, gia tdoc goc thanh BM

- do d’a
D.l-\ Wy = E’ o — W
Khit=m/3:

ofop oE [vte, gte] = [-0.30, -0.540]
[xM,yM]=[0.3447213597, -0.089442719]

Bai 3
1) Biéu thirc dong nang
T =rcosb;y=rsinb; o =—20;
Rl

1o 1 1 e w1
T = E 1@2 +§J292 +§m3($2 =+ y2) +§m4:132
Thay s6:

T = (1.5 +0.135sin% 6 + 0.0225 cos 9) 62
— (1.5225 4 0.1125 sin? 9) ¢

@ : .
. |100(1 — ) =100 — 106, 0<p<20
w,(6) = {20~ 5p) ¢
0, ¢ > 20

2) PTVP

dT .

E:ZW;, ZW/k:Mgo—Px—m3gv3y
Lic t=1: 0(1) = 8.4087, 0(1) = 9.92497

Do thi A(t) & 6(t)
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25
20
15
10
I:I: T T T T T 1
0 1 2 3
|— theta theta dot |
107 % I I o I
g_
& 4
4_
24
I:I jpa— T 1
0 1 2 3
t
[— P —— =]
3) o thi P(t) va x(t)
Bai 4 i
Toa d0 cac diem A, CvaD
z, = (L —r)sing 1, =—(r—a)sing 1z, =-rsing
y,=—(L, —r)cosp; y,=(r—a)cosp ; y,=rcosp
z, =H 2z, =H z,=H—h+1L,

1) Pong ning, thé ning va luc suy rong

I, 1 s 1 o 1 5
T:§J1w +§mA.UA+§mC.UC+§mD.UD

1
II=m,gz, +m.g2, +m,9z, +§C(L1 —r(t)—1)
M =10 —5p(t); F. = —50[r(t) — 0.6] — 20/(t);

F = —m,g — 15[h(t) — 0.5] — Th(t)

h
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2) Céac gia tri trang thai tai thoi diém t =1 s:

h(l) =0.4858288354460362, h'(1) =0.2128040442881635,
phi(1) = 1.35669566932152974,  phi'(1) =1.72233295637478179,
r(l) =0.805779086958639756, 1'(1) =0.16431189752610367

3) Db thi de(t)/dt, r(t) va h(t)

2
1,5
phi' 1
0,5
04 . I . I .
0 2 4

t
ome 1

6 g 10

0,5
0,4-
B s
0,2-_

D’l_ T T T
0 2 4 6 3 10
t

]

0,24
0,7
0,6

t.h 0.3 ]
0,41
0,3+

0,24
0,14 |
0 2

fi 2 10
b |

t

rit)
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phi)

0.7
T 0Es

-0,35

0,15 -r*sin(phi)

0, 055

4)Quydao E: t=tf: rE=[-0.32124748; 0.7279165; 0.9999999]"
Bai 5 ,
Cau 1) Toa d6 khoi tdm cac vat

T, = UCOS(

Y, = using

T, = ucosy +acosyp —bsinp + ecos(p + 0)

y, = usinp +asinp 4 bcosy + esin(p + 0)
Biéu thirc dong ning

1 .., 1 1. 1 , 1 . A
T = EJlgOZ —I—Emzi}; +5J2g02 +§m3vf +5J3(g0+9)2

T = %mngbz +%m22u2 + %m3392 +my, @t + m G0 + m,,uf
véi cac sO hang:
m, =J, +J,+J, +mu’ +
m,a* +b* + v’ + € + 2au + 2e(acos§ + ucosd + bsin)];
m,, = —m,b —mgesin0;m , = J, +m.e(e + acosd + ucost + bsin 0);
m,, = m, +m,m, = —mgesint;m, = m362 +J,;
J, -momen quén tinh cia dia doi v6i khéi tam I, J, = Lm R*.
Biéu thirc thé niang va luc suy rong khong thé
IT = m,gy, +m,gy, + %c(u =, =1 - a)2
Qs[phi]:=M1; Qs[u]:=-d*diff(u(t),t); Qs[theta]:=M3;
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Cau 3) Két qua tinh toan

t(1) = 1.0,

phi(1) =4.33659688696260037, phi'(1) = 4.90587002071984024,
theta(1) = 4.13076348092220780, theta'(1) = 5.89934137391916468,

u(l)  =0.560670350929496131, u'(1) = 0.215721424517446886.

Do thi cac toa d suy rong va van toc suy rong

6_
5_
4_
phi' 34
24
14
D T T T T 1
0 2 4 & 2 10
t
ome_1
A4
54
4
theta 3]
3]
1_
D T T T T 1
n 2 4 il 3 10
ome_2

ARGIAA%

ult)

udot(t) |
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DPé thi nim 2015

Bai 1

Cot OA dugc giita can bang thing
dung nho ban 1& cadu O, hai thanh
khéng trong luong (1 va 2) nhu hinh
v€. Cac thanh AB//Ox va CDE
(CDG//Oy, cung DE la Y4 dudng tron
tam G nam trong Oyz) dugc han chat
vao c¢ot OA. Trong lugng cot P =

5000 N. Luc F//x tai A, tri sb F =
500 N. Ngiu lyc trong mat phing yz
c6 mdémen M= 300 Nm. Cac luc phan
bb déu co cudong do ¢ =100 N/m (trén
doan AB lyc phan bd thang dimg va
trén cung DE luc phan bd nam trong
mit phiang Oyz va huéng vé tim G).
Cho biét cac khoang cach: OK = KA
=3m, AB=CD =R =2m; KC =CA;
a =45 o =135,

min

Thi sinh tinh trén mdy, ghi va vé vao X
gidy thi cdc két qud sau:

1) Cac thanh phan hinh chiéu cua luc

thu gon cua luc phan b trén DE.

2) Biéu thirc luc lién két tai ban 1& cau O va tmg luc S, (a),S,(cr) cua céc thanh 1
va 2 phu thude goc o .
3) Do thi S, () va S,(a) véi a = [a

4) Tri s6 cua luc lién két tai O va ung luc hai thanh khi o = 90°.

min’ ~ max ] .

Bai 2.
Co céu chuyén dong trong mit phang drng Bxy nhu hinh vé. Tay quay OA quay
déu quanh truc ngang O v&i van tdc goc w = 0.5 rad/s, ¢ = wt. Nho con truot A,

thanh BC quay quanh truc ngang B. Nho thanh nbi CD, thanh DE chuyén dong
theo phuong ngang. Cho biét OA =10, OB =20, BC = 50, CD =20, OK =40 cm.

Thi sinh tinh trén mdy, ghi va vé vao gidy thi cdc két qud sau:
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1) db thi trong khoang thoi gian
t €0, 87 s cua: 5 s(f)
a) Goc 0(t), van téc goc, va gia E

tbc goc cua thanh BC.
b) Do dai u(t) = BA, van toc va
gia toc twong d6i cia A doc
BC.
¢) Di chuyén s(t) va van toc
cua thanh DE.
2) quy dao trung diém M ciia CD
trong mit phang Bxy.
3) tri s6 ctia goc 6, do dai BA, va
di chuyén s khi: ¢ =0,

p=m/2.
V5
Bai 3. H. bai 2

Co hé chuyén dong trong mat
phang dtng. Pia tron dong chat 1 c6 m6é men quan tinh khdi doi voi truc quay Oy

la J, chiu tac dung cta ngau lyc M, = M, — a¢. Thanh chit T nim ngang co
khéi luong my chuyén dong theo phuong ngang do c6 con trugt A (khéi luong
khong dang ké) lap vdi dia 1 bang chot A cach Op doan bang r. )
Céc chat diem B va C c6 khoi lugng m3 va ms duoc gan vao thanh khong khoi
lugng BO,C, (02B L O:C) thanh nay quay dugc quanh tryc ngang O.. Chat diém B
nodi voi thanh 2 bang 10 xo d¢ ctiing ki va can nhdt hé s6 can ¢i. Mot 10 xo xoan do
clng k ndi giira gia ¢ dinh voi thanh BOC. Khi ¢ =0 va x =0, 16 xo 1 khong
bie::n dang, 10 xo0 xoér} 2‘bi bién dang m(:)t gbéc nho dé giﬁr 0,B can bang tai vi tri
thang ding (x=0). Biét rang khi hé chuyén dong di chuyén ngang x cta m;3 1a nhd,
(O~ x/a).
S6ligu: =01, =08 =02 m

J, =2.0 kgm®; m, = 0.5 kg; m, =10 kg;

m, =1kg, k, = 200N/m, k, = 300Nm/rad’

¢, =10Ns/m M = 30Nm, a = 6Nms/rad ;

©(0)=0; ¢(0) = 0rad/s; 2(0) = 0,2(0)=0; ¢, =5 s.
Hay thiét 14p phuong trinh vi phan chuyén dong cta co hé theo toa d6 suy rong
@(t),z(t) va giai phuong trinh vi phan bang phuong phap so.
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H. bai 3 \

Thi sinh tinh trén may, ghi va vé vao gidy thi cdc két qud sau:

1) Biéu thuc chit dong nang va thé nang cua co hé.

2) Do thi ¢(t),#(t) t = [0, t,] vacho biét gia tri ¢, luc t = Ls.

3) o thi z(t), #(t), néu dia 1 quay déu véi van téc goc ¢ = 5rad/s . Biét didu
kién dau z(0) = 0, #(0) = 0.

Baid4. 7

Robot gom ba khéu (1-2-3) chuyén
dong trong mat phang ding. Khau 1 co
mémen quan tinh khoi d6i véi truc
quay Og la J, khéi tAm ndm trén truc
quay O, chiu tdc dung cuia mémen u,
quay quanh truc Oz (vudng goéc mat
phang hinh v&), géc quay q,(t). Khau 2

c6 khéi lugng m, , khéi tam C, 02C; =

a>, mdmen quan tinh khoi doi véi khoi

tam cua né 1a J,, chiu luc day u, tir
khau 1, d6 dich chuyén g,(t). Khau 3

c6 khéi lugng m, , khoi tm Cs, 0,C3 =

a3, O2E = 2a3, mémen quan tinh khoéi doi voi khoi tam cta né 13 J,, chiu tac dung

ctia mé men u, tir khau 2, géc quay ¢,(t). Chon cic toa do suy rong cho h¢ 1a
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q,.4,, va g,. Hay thiét 18p phuong trinh vi phén chuyén dong va giai bing sb
phuong trinh vi phén chuyén dong.
Cho s0 liéu:

J, =10 kng;a,1 = 0.2 m; m, =3 kg; a,=05m; J, =02 kgm®;

m, =15kg a,=03m; J, =02kgm’g=10m/s’
u, = —500(¢, —0) —50¢,; u, = —400(g, — 0.5) — 604,; Lo
u, = —300(q, — 1.5) — 304, ’ ! '
Cac diu kién dau:

q,(0)=0.5 ¢(0)=0; ¢,(0)=1.0; ¢,(0)=0; ¢,0)=0; ¢,(0)=0;

Thi sinh tinh trén mady, ghi va vé vao gidy thi cdc két qua sau: )

1) Biéu thtrc chir: tong dong nang ctia khau 1 va khau 2; va biéu thirc theé nang hé.
2) Duara cac gia tri cua ¢, ¢,,q,,q, tai thoi diém t =1s.

3) Bo thi céac dai luong q,(¢),q,(¢),q,(t) theo bién thoi gians, t = [0, ¢ ].

4) Qui dao diém E trong khoang thoi gian

Loi giai

Bai 1.
1) Céc thanh phan hinh chiéu ciia lyc thu gon ciia lyc phan b trén DE.
Q2y =200; Q2z=200;
2) Biéu thirc luc lién két tai ban 1& cau O va ung luc S (@), S,(a) cua cic thanh 1
va 2 phu thudc goc « .

res =381 = 800 7 sin(a) + 5 cos(o) ,82 = - 2000 \/? , X0
3 sin( ) 9  sin(a)
_ 1300 _ 1400
=-——Y0=—=,70
_200 145 7 sin(or) + 303 cos(cr) — 1043
9 sin(a)

+243 sin(oc))}
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_266.6666667(7. sin(a) + 5. cos(at)) 5o — _ 1698003590
sin( o) ' sin( o)
XO = -433.3333333 YO = 466.6666667 ZO

S (22.22222222(315.7461339%sin( 1)

sin( o)

+ 51.96152424cos (o) — 17.32050809) )

S1

3)Pothi S (o) va S, (a) v6i a =[a o ]
3000 +
2000
1000 ~
D T T T T T T T T
| 1012 14 1§ 18 20 22
B e B e

[— =] —— s[]

4) Tri s6 cua luc lién két tai O va tung luc hai thanh khi o = 90°.

> alpha0:=Pi/2:
X0 :={-433.3333333 Y0 :={466.6666667 Z0 :={6631.680573
S1 :={1866.666667 S2 :={-769.800359¢

Bai 2
1) d6 thi trong khoang thoi gian ¢ € [0, 87| s cua:
a) Goc 0(t), van toc goc, va gia toe goc ctia thanh BC.
b) Do dai u(t) = BA, van toc va gia tc twong dbi ciia A doc BC.

¢) Di chuyén s(t) va van tdc cta thanh DE.
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B
poe H. bai 2
u=10/5+4sin(057), ¢ ;:arcsin[ cos(0.51) j

5 4 45in(0.5¢)

0.4 1
0.2 1
D T T T T T
5 10 15 20 25
-024 t
-04
|—— Do thi theta(t) |
04 /\
0,2 - / /
D T T T T T
3 10 15 20 25
-021 £
-0,4
— theta vtg cua BC gtz cua BC
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N7 N
ol N /AN
. \ 1/ /
, \ \/

30

20

d N /

?\_/13 I / 5

| u VAL aha |

b

BK:=0B+OK:
sinD:=(BK-BC*cos(theta))/CD: cosD:=sqrt(1-sinD"2):
xD:=BC*sin(theta)+CD*cosD: vD:=diff(xD,t):

o]\ n(
ol /// N

Y \_k{}/ 10 . 15 \‘\]/ 25

AN wD |

2) quy dao trung diém M cua CD trong mit phing Bxy.

xM:=BC*sin(theta) + CD/2*cosD: yM:=BC*cos(theta) + CD/2*sinD:
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-10 il 10 a0 30

3) tri s6 ctia goc @, dd dai BA, va di chuyén s khi: o =0, ¢ =7 /2.
phi = 0: [theta, u, xXD] = [0.463647609122.3606797735.26661437
phi = Pi/2: [theta, u, xD] = [ -6.83677935910°'!, 30.00000000 17.32050808
Bai 3. ,

1) Biéu thuc chir dong ning va thé nang cua co hé.

| 2 1 .
Tl :=?J1 (q) ) 12 :=? mn, 72 sm(q))z (q) )
73 =L (my o+ myb7) x 60 =45
2 a2 k2
o kb
(/%
H. bai 3 m \@"1 I
k2
! 02
1 i' a
H
2 ki1 ,"

3

il

[%) + % kl (r — rcos(d)

RE + m, g b sin

IN=-myga cos( P

) 1 m,gb 2
X 4
—x) +?k2[7— 2 ]
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2) Bo thi ¢(t),#(t) t = [0, t,] vacho biét gia tri ¢, lic t = Ls.

5
4 T
3 /
phi
1 ‘(
0
1] 1 2 3 4 3
t
ome_1
0.2 /‘
¥ 01 /\ /\ \ / \

|

Iy

-0.1

\//)(\\

VT

>res(1);

| [
\

v

\

=(t)

zdot(t) |

[1(1) = 1., 6(1) = 3.332693736335518240 (1)
— 4.59908933848754930¢(1) = 0.0606783975350760828'(1) =
~0.055363075801544745]

3) o thi (t), #(t), néu dia 1 quay déu véi van téc goc ¢ = 5rad/s . Biét didu
kién dau z(0) = 0, £(0)=0.

I VAT A
NN
NEVARD S WA
W VIV
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Bai 4.

1) Biéu thirc chir: tbng dong niang cua khau 1 va khau 2; va biéu thirc thé nang hé.

1 2
Tl=—Jyql

72 :=% my (-2q17 q2 a2 + al® q1”* + q1™ q2* + q1" a2?

+q2'2—2a1 q]'qZ') + %qul'z

TN :=m, g (al cos(ql) + (q2 — a2) sin(ql)) + my g (al cos(ql)
+ ¢2 sin(ql) + a3 sin(gl + ¢3))
2) Dua ra cac gia tri cua q,,¢,,q,,q, tai thoi diém t =1s.
>res(1);
[£(1)=1.,¢1(1) = -0.016954073952239776671"(1)
=5.04226903183746062 0'7, q2 (1) =0.502771249459945224
q2'(1) =0.004983338945417619343 (1) = 1.498262543166902 1
¢3'(1) =0.00113439150608928138

3) Do thi céc dai luong ¢,(1),q,(1),q,(t) theo bién thoi gian 7, ¢ = [0, ¢ ].
0,59
0.4
0,34
gl
0.2 1
0,14

0

0,9
0,2
# 0,7
0,6

0,5 -
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o

0 0,5 1 L5
t

4) Qui dao diém E trong khoang thoi gian [0, ¢ f] .
xE :=-0.2sin(q/) + g2 cos(ql) + 0.6 cos(ql + ¢3)
vE :=0.2cos(ql) + ¢2 sin(ql) + 0.6 sin(ql + ¢3)

1,00 4
0,95 4
0,90
0,85

0,204

T T T T T T T T
0§ 07

0z oo 10 1.1
-.2*smlfq1j+q2*cos(ql)+.6*cos(ql+q3)
qui dao diem E
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Pé thi nim 2016

Bai 1.
Hé ba luc Fa, Fg, va Fc (xem 7z

hinh v&) tvong duong v6i mot hé 4m C

xodan gdom luc Fr va véc to ngiu —— >

luc M song song nhau, lyc Fr Fc=150j N
dat tai diem P(0,y,z). Hay xac
dinh: (a) véc to luc Fr va véc to y
ngau lyc M. (b) toa dd y va z cua P 6 m
diém P(0, y, z) trén mit yz.

Trong hinh v& ba véc to don vi Z

cua ba tryc toa d6 xyz twong (g A ]y

la {i, j, k}. i 5
. X

]]?:al Z.AB . o Fs=-400iN
ruc uge gilt nam ngang | L .00 N H. bai 1

nhd 6 d& chin tai A, 6 d tai B,
va thanh nhe CD. Cac lyc tic dung 1én hé gf”)m lyc dirng 8ON va luc ngang 200 N
tac dung tai E. Biét rang cac truc x, y trong mit phang ngang con truc z thang
dtrng, voi ba véc to don vi tuong ung 1a {i, j, k}. Bo qua trong lugng cac vat. a) V€
dd thi tng lyc cia thanh CD khi toa d§ zp thay ddi tir 65 dén 100 mm, trong khi
cac toa dd xp va yp khong thay d6i. Cac diém C va E khong thay dbi. b) Pua ra gia
tri ciia ung lyc thanh CD, cac phan lyc lién két tai A va B khi: zp =65 va zp= 100
mm;

Bai 3.

Co céu chuyén dong trong mat phang dung Oxy nhu hinh v&. Tay quay OA quay
déu quanh tryc ngang O véi van tdc goc w = 3 rad/s, ¢ = wt. Cho biét cac kich
thuéc OA =r=0.10, AB=1L, =0.30, BC=BE =L, = 0.40, dx = 0.15, dy = 0.50
m. Hay dua ra cac két qua sau:

1) Tri s6 ctia goc 6 vatoaddxpkhi: p =0, o =7/2, o == va p =31 /2.

2) Do thi trong khoang thoi gian ¢ € [0, 47 / w] s cha:
a) goc 6(t) va van toc goc ciia thanh BC (cung trén mot do thi),
b) di chuyén z ,(t) vavan tdc ctia con truot E (cung trén mot do thi).

3) Quy dao trung diém M ciia AB trong mit phing Oxy.
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Cac kich thudce do 60
bang mm.

. H. bai 3 7J7-J77

Bai 4. Xét mo hinh cdu truc nhu trén hinh v&: Xe goong c6 khéi luong m, chuyén

dong trén dam ngang. Tai trong dugc coi la vat ran c6 khoi luong m,, khdi tam C,
BC= 7, md men quan tinh dbi véi khdi tam 1a J o - Day treo khdi lwong khong
dang ké, chiéu dai L, ludn cing va khong gidn. Chon cac toa do suy rong cho hé 1a
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z,,0 . Hé chuyén dong trong mit phing dung. Biét ring biéu thirc dong ning cua
hé duoc viét dang:
T = B (m11x2 +m,,@* +m,0° 4+ 2m ip + 2m 26 + 2m23g09)
1) Hay viét ra biéu thirc chit cac s6 hang: T Ty s My Ty T g T
2) Pua ra cac gia tri cia z,,0 taithoi diém ¢ =1 s.
3) Db thi cic dai lugng z(t),(t) theo bién thoi gian, ¢ = [0, t,], trén cung mot

do thi.
4) Qui dao chuyén dong cua khdi tim C cua tai trong.

Thiee hién cdu 2), 3) va 4) véi cde sé liéu sau:

m, =1.0kg; m, =3 kg; r=0.5m;

J, =02 kgm®; g=9.81m/s’; L=1m;
u=—30(r —2)—40z; ¢, =10 s,

véi cac diéu kién dau:

2(0) = 0;:#(0) = 050(0) = 0;2(0) = 0;6(0) = 0;6(0) = 0;
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Loi giai

Bai 1. Két qua

Véc to luc Fr [-400.00, 150.00, 250.00]

Vécto mémen M | 1740 8163, 46530612, 775.5102]

Toa d6 diém P

y=2.06122449, z=1.16326530

Bai 2. a) D6 thi luc thanh CD

1904
1854
1304

1754

Bai 2. b)
Khi zp = 65
Luc lién két tai A [241.258741, 276.923076, 74.5454545]
Luc lién két tai B [-87.41258741, 5.4545455]
Luc thanh CD 172.0052290
Khi zp =100
Luc lién két tai A [241.258741, 276.9230769, 66.38694639]
Luc lién két tai B [-87.41258741, -76.1305361
Luc thanh CD 194.0095635
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Bai 3.

1) Tri s0 cua goc 6 va toa dd X tai cac vi tri cua OA

TT | Khig= 0 [rad] Xg [m]
1 0 0.8313838745 | -0.3890831278
2 /2 0.4725503360 | -0.5623283022
3 T 0.5624742389 | -0.5267505899
4 3n/2 0.9094435295 | -0.3413479920

0.4
0.2 4
a

2a) Do thi géc 0(t) va van téc géc thanh BC

7 S

024
—0.44
—06 4

theta

vtg cua BC

2b) D6 thi di chuyén z,(t) va van t6c ciia con trugt B

044
034
024
0.1+

0

-0.14
024
-03+

0.4
-0.5 1
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3) Quy dao trung diém M ctia AB

-0.14 -0.12 -0.10 -002 -0.06 -004 -002

F-005
r-0.10
F-0.15
F-020
Bai 4. i
1) Cac dai lugng trong biéu thuc dong nang
my, = m, +m, Moy = M, r?
m,, = m, L cos(q2) My, = m, L rcos(q2 — q3)
m, = m,rcos(g3) m,, = m2r2+J2

2) Gia tri cac toa do suy rong khit=1s.
z(l) = 0.95197308699235
o(1) = | -0.04465310552934
0(1) = -0.15024351057738

3a) D6 thi x(t) va D6 thi o(t)
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4) Qui dao khéi tam C cuia tai trong

05 gl +Si.t]([}2j+_5 * si.t1(q13.)5

-1.44 4
-1.45
-1.46 4
-1.47
-1.42 4
-1.49

-1.50 -

— qui dao diem El
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Pé thi nim 2017

Bai 1. Mot khung duoc
tao thanh bdi thanh thang F,=150i—50j + 100 k N
OA, nura vanh tron ANB z

trong mat ngang, va ntra
vanh tron BEC trong mat
dtrng. Khung dugc ngam
chat tai O va chiu luc nhu
trén hinh. Luc phan b
trong mat phang dung.
Luc F, di chuyén chim
v6i van téc hang v trén | X

vanh tir B vé A. Cho céc H. bai 1
kich thuéc OA=AB/2

=BC/2=r. Trong hinh v& ba véc to don vi cta ba truc toa d0 Oxyz tuong ng la {i,
j, k}. Biét cac s6 lidu ¢ =100 N/m, r = 0.5 m, v = 0.1 m/s. Hay:

(a) tinh gia tri 6 thanh phén luc va ngau lyc lién két tai O khi luc F, tai B va N
(giita vanh AB). (b) v& d0 thi thanh phan mé men M va M, tai ngam O theo thoi
gian, t = [0, 77 / v].

F=-250k N

Bai 2. Cho co hé chuyén dong trong mit phiang Oxy. Tay quay OA dai R = 5r
quay déu véi van toc goc w, quanh tryc O lam dia tron 2 ban kinh 7 1dn khong
truot trong vanh tron ¢ dinh 1. Thanh BC dai | = 7r nbi véi dia 2 béng ban 1é B,
a = AB = 3r /4, va ndi ban 18 v6i con trugt C chay trén truc Ox. Cho biét

r=0.2m, w,= 2 rad/s. Tai thoi diém ban dau 7 = 0: cac diém O, A va B nam

thing hang trén truc Oy (Hinh v&). Goi ¢ = w,t la goc quay cua OA so voi Oy.

1) Vé quy dao diém B va diém M thuoc BC, BM/BC = 3/4, khi
t=[0— 27 /w,] s.

2) Tai thoi diém ma ¢ = [0, /2, =, 3m/2],hay tinh: (a) vi tri, van tde
va gia toc cia diém C; (b) goc a, van tdc goc va gia tbe goc cua thanh
BC.
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Bai 3. Cho co cdu may chuyén dong trong mat phang dimg nhu hinh v&. Banh ring
1 ban kinh 7, m6 men quan tinh khéi ddi voi truc quay J,, chiu tac dung cua mo
men hing M . Banh ring 2 ban kinh R = 4r, mé men quén tinh khdi d6i véi truc
quay J,. Tai 6 truc O c6 md men can ti 1& van tde goc banh rang 2, M, = cw .

Thanh lic DB ddng chat khbi lwong m va chiéu dai L = 13r . Khoang cach gitra
hai truc quay O va D 1a A=8r. Bé qua ma sat va khoi lugng con trugt. Ban dau hé
dang yén va A ¢ vi tri cao nhat. Chon ¢ - goc cuia OA doi vai OD - 1a toa d suy

rong. Cho cdc s6 liéu sau: g = 9.81 m/s’; t, = 10 s; r=0.2 m;

m=0.5kg; J =0.1 kgm2;J2 = 0.5 kgm*; M =5 Nm;c = 4 Nms
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(1) Pong ning cua co cau duge viét dang: T = th(cp)ch /2, hily v& d6 thi J,, khi
¢ =[0 — 3r]. Hay duara gid tri J, taicacvitri o =[0, 7 /2, m 3w /2]. (2)
V& do thi ¢(t). (3) Puara cac gia tri o(t),(t) tai cac thoi diém t =1 va2s.

Bai 4. M6 hinh co hoc cia mdt
robot khong gian 3 bac tu do vai 3
khép quay duge cho nhu trén hinh.
Khau 1 (try OA) c6 md men quan
tinh khoi J, dbi véi truc quay dimg
zo. Céc tryc cua hai khop quay A
va B vuéng goc mat dung
OABCx;. Khau 2 (AB) c6 chiéu
dai I, va khoi luong m, coi nhu
tap trung tai B. Khau 3 (BC) co
chiéu dai [, va khoi luong m, coi

nhu tip trung tai C. M6 men diéu H. bai 4 M
khién tai cac khép tuong ung la

u,, Uy, u, (u, —ngoai luc, u, & u, —noi lyc). Chon cac toa do suy rong cho hé 1a

q,9,5d, - Biét rang biéu thirc dong ning cua hé duoc viét dang:

T = (gl o o+ mds + 2mdd, + 20, + 20,0,

1) Hay viét ra biéu thirc chir cac sb hang: Mgy My M,

Thiee hién cdu 2), 3) va 4) voi cdc sé lidu sau:

J, =10.0 kgm?; d =1m; m, = 30 kg; [, =1.5 m;
m, =20 kg; [, =1.0 m; g=9.81 m/SZ;t‘/ =5 s

u, = —2000(q, — 2) — 400§ ;u, = —6000(¢, — 2) — 6004, ;
u, = —8000(q, — 2) — 4004,;

véi cac diéu kién dau:
q,(0)=0; ¢(0)=0; ¢,(0)=7/2 ¢,0) =0
q,0)=7/2 ¢,(0)=0;

2) Dua ra cac gid tri cua q,,q,,q, tai thoi diém ¢t =1s.

3) Do thi g,(t) theo thoi gian, ¢ = [0, t].

4) Qui dao cua diém cubi C trong mit phang Oxy.
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Bai 1.

Loi gii

a)

F) tai B

FitaiN

Luc lién két
Fo

[-150.0, 100.0, 200.0] N

[-150.0, 100.0, 200.0] N

Ngau luc Mo

[250.0, -75.0, 300.0] Nm

[125.0, -200.0, 300.0] Nm

b) D6 thi m6 men Mx

200
1003
03— : =
I 3 15
Db thi mé men My
0 10 15
-100
~1404
—?!I'II'I:
Bai 2.
z,, (m) i, 7, o (rad) a a
=0 -0.79843 | 0.50000 | -27.3660 | +0.9639 0.0 -23.7965
p=m/2 -0.55000 0.0 19.7500 0.0 -2.500 0.0
=T -0.79843 | -0.50000 | -27.3660 | -0.9639 0.0 +23.7965
=3 /2 | -2.25000 0.0 -2.25000 0.0 +2.500 0.0
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Qui dao diém B Qui dao diém M

CARRRSEENE

Bai 3
D6 thi m6 men quén tinh J ()

32
30
28
216
14
12

01 2 3 4 5 & 7 & 09

D6 thi van toe goc banh rang 2, ((t)

3
1|

T2
|:| T T T T T 1
0 2 4 & 5 10

1
Tri s6 cia J L ()
[0) 0 /2 T 3n/2

th(go) 3.226666667 2.145066667 | 2.225185185 | 2.145066667

Tri s6 cia () & $(t)

t[s] ® t[s] ¢
1 5.872909758 1 3.8991302657
2 10.437616636 2 49128331668
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Bai 4. i
1) Céc dai lugng trong biéu thirc dong nang
m,, =myl; +m (I +211 cosq, +1)

m,, =—m, (L1, cosq, + 1)

_ 2
My = m3l3

2) Gia tri toa d§ suy rong khit =1 s.

g(l)= 2.00240503134

¢,(1) = 199549996326

¢,(1) =  2.02608648395

3) Do thi g,(t) theo thoi gian, ¢ = [0, t].
2.1
20
191

2 B
8]

1.7

1 6
T

4) Qui dao cua diém cubi C trong mit phang Oxy.
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D¢ thi nim 2018

Bai 1. Cot OA thing dimg dugc ngam
cht tai goc O, trén OA c6 gan cung xa
ngang AB //Oy. Luc phan bo ngang //y
dang parabol tac dung 1€n cot OA,
q = q,(z/4)° N/m. Lyc cang day BD
c6 do 16n F 1a hing s6. Pau day D
chay trén dudng tron nam trong mat
Oxy tam C ban kinh r. Biét cac so li¢u
q, =100 N/m, F = 1000 N, r =2 m,
OA=AB=4m. Hay: .

(a) tinh gia tri 6 thanh phan lyc va
ngau luc lién k,ét tai O khi diém D &
gan va xa O nhat.

Jo

i

H. bai 1

(b) v& db thi thanh phan m6 men M, va M, tai ngam O theo goc quét ctia CD so véi

CO, 0< ¢ =4£0CD < 2r.

Bai 2. Co cdu chuyén dong trong mat phang ding Oxy nhu hinh v&. Hai tay quay

O/A va OB quay déu nguoc chiéu nhau, o =p,=p=wt. Cho biét
00, =00,=2r, OA=0,B=r, CD=AE=r, AC =BC = DE = 6r,
EF =2r . Véis6litu r=0.1m, w=1rad/s.
1)Khi ¢ =[0, /2, =, 3w /2], hdy dua ra (a) Tri s6 vi tri, van tdc va gia toc

ctua diém C; (b) Tri s6 vj tri gbc, vin tde goc va gia tde goc cua thanh DF. 2) V& dd
thi yp(1) va quy dao diém F khi 0 < ¢, < 27.
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Bai 3. Cho co cdu may chuyén dong trong mat phang dimg nhu hinh v&. Banh ring
1 ban kinh 7, m6 men quan tinh khoi doi véi truc quay J,, chiu tac dung cua mo
men M = M, — cw, . Banh ring 2 ban kinh R, md men quan tinh khéi déi véi
tryc quay J,. Thanh truyén AB dong chat khoi lugng m, va chiéu dai L. Con
trugt B khdi lugng m , - BO qua ma sat. Ban dau hé dimg yén. Chon ¢ - goc cua
OA d0i voi OB - 1a toa d§ suy rong (goéc quay cua banh rang 2).

Cho cdc sé liéu sau: g=9.81 m/s2, r=02m, R=2r,L=4r, m, = 1kg;
m, = 2kg; J, =0.1kgm* J,=02kgm*; J, =m]I" /12
M;=12Nm, ¢=2Nms, ¢(0)=0, ¢0)=0,t =10 s;

(1) Pong ning cia co cu duge viét dang: T = J tg(gp)ch /2, hiy v& @6 thi J ,, Khi
¢ =[0 — 2n]. Hay dua ra gid tri J, taicacvitri o =[0, 7 /2, m 3w /2]. (2)
V& do thi ¢(t). (3) Puara cac gia tri o(t),((t) tai cac thoi diém t =1 va2s.

r M 2 H. bai 3

Bai 4. M6 hinh co hoc ctia co cdu may didu tiét ly tim duogc cho nhur trén hinh.
Khung treo 010, ¢6 md men quan tinh do6i voi truc quay ding z 1a J; chiu tdc dung
cua ngau lyc c6 mé men M. Cac qua vang A va B coi nhu chét diém, moi qua khoi
lugng m), bon thanh treo cung chi€u dai L, khoi lwong khong dang ké. Cac diém
treo O; va Oz nam cach truc quay mét doan bang e. Poi trong C c6 khoi luong mo,
mdmen quan tinh khoi doi voi truc quay z la J>. Lo xo treo doi trong c6 d0 cing .
va khi ¢ = 0 thi 16 xo khong bién dang. Bict rang truc cac khdép ban € tai hai dau
ctia bon thanh treo vudng goéc mip phang khung, bo qua ma sat. Chon toa do suy
rong: ¢, = 0 la géc quay cua khung treo, g, = ¢ la goc Iéch cua céc thanh treo

qua vang. Biét rang biéu thirc dong ning cta hé duge viét dang:
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1 .9 .. .9
T= §(m11q1 + 2m12q1q2 + m22q2)

1) Hay viét ra biéu thuc chir cac s6 hang: m

Thyec hién cau 2), 3) va 4) voi cac s6 liéu sau:

J, =J,=0.10 kgm”;e = 0.1 m;L = 0.40 m;

k =200 N/m;

m, =1.0 kg;m, = 3.0 kg; g = 9.81 m/s’;

M =100 — 54, ;

tf:10 S,

vo1 cac diéu kién dau:

2,(0)=0; ¢(0)=

0;

2) Dua ra cac gia tri cuia q,,q, tai thoi diém

t=1s.

3) Do thi ¢(t) va g,(t) theo thoi gian,

t=[0, t].

11°

2,(0)=0; ¢,(0)=0

ml?’

m22 .

A A

e WAV AWAAVANAVA VAN AN AWAWAVAVAD

/\G
G

/!
v

4) Xac dinh ché d¢ chuyén dong binh 6n cia may, 0 < ¢ < 7 /2.

Loi giai

Bai 1.
Bai 1a) D gin O nhit, OD = 2m D xa O nhit, OD = 6m
Luc  lién  két| [-0, 313.88026, 894.42719], | [0, -580.546929, 894.42719],
Fo(x,y,2) 947.90338 1066318309
Ngdu luc| [2188.854383, -0, 0, | [5766.563148, 0, 0],
Mo(x.y,2) 2188.85438 5766.563148
b) D6 thi mé men Mx

2000

4000

3000

o 1 2 3 4 3 &
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Do thi mé men My

1000
|:I T T
4 3 fi
-1000
Bai 2.
Yo . . 2 0 2
1) () Y, (m/s) | g, (m/s%) (rad) w (rad/s) € (rad/s%)
=20 10.519615 |0.1 0.05773502 |0.5235987 |0 -
24 69 75 0.1924500
89
p=1n 0.665685 |0.0353553 |- 0.3398369 |- 0.0110485
42 39 0.11988737 |09 0.17677669 |43
8 5
Y =7 10.591607 |-0.1 - 0.1674480 (0 0.1690308
97 0.01690308 |79 51
50
p=2m 0.465685 |- 0.08011262 |0.3398369 [0.17677669 |0.0110485
42 0.0353553 |17 09 54 43
39
2) D6 thi yp theo @
075
0.70
0657
060
0551 I — —
1] 1 2 3 4 5 f
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Qui dao diém F

0.35

Bai3

D6 thi m6 men quan tinh J (@)

1.1

0o

0.7

01 2 3 4 5 4
4

D6 thi van téc goc banh rang 2, (1)

3

gl'
1
0+ T i
n 2 4 f 2 10
t
Tri s6 cia J L)
[0) 0 /2 T 3n/2
0.6533333333 1.080000000 | 0.6533333333 | 1.080000000

J,(#)
Tri sb ctia @(t) & (1)
ts] | ¥ t[s] @
1 2.623048507661 1 3.3281696692262
2 5.676970695311 2 3.0622610355035
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Bai 4. i
1) Céc dai lugng trong biéu thirc dong nang

m,, = J, +J, +2m (e + Lsinp)’

m,, =0

m,, = 2m1L2 + 4:m2L2 sin”

2) Gié tri toa d0 suy rong khit=1s.

q, = 17.6195814428714 g, = 0.95950224342812

3) Do thi ¢,(t),q,(t) theo thoi gian, t = [0, ¢ /-

121
¥ ’V\N‘M’

0.5
i 0.6
0.41

0.2
I:I T T T T T T

0 2 4 f

20

15
ql' 1p
5

|:| T T T T T T T
0 2 4 f

4) Ché d6 chuyén dong binh 6n ciia may
w [1] =20,q [2] =0.9979747
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Phin 3.
CAC BAI TAP CHON LOC
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A. D& bai

Bai 1. Vat B khéi luong 300 kg
dugc kéo chuyén dong véi van tdc

v=0.4¢> m/s, & day ¢ tinh bing
gidy, 0<tr<6s. Xac dinh luc

cang cap khi t = 5 s va khoang

cach di chuyén duge trong thoi
gian 5 s. Bo qua khoi luong cap,
puli, va cac con lan.

Bai 2. Con lan A ban kinh r ¢6 thé lan theo
mit phang nghiéng 1én trén dudi tic dung cua
luc p thang dung dit vao dau D cia soi day
khong trong lwong khong gidn cudn trén tang
tréng B ban kinh R = 2r. Tang tréng gan chat
vao con lan, khéi lugng cua chung 1a m =
2P/g; ban kinh quan tinh cta ching déi véi
truc ddi ximg di qua C 1a p = \/E Heé s6
ma sat truot tinh 1a /= 2/3; hé s6 ma sat lan
1a k. Xac dinh goc nghiéng o dé con lan lin
khong truot trén mit phing nghiéng.

Bai 3. Mot 6-t6 chd thung nudc khong nip

Hinh bai 2

hinh tru tron ban kinh R dang chuyén dong thang trén mat phang ngang véi van toc
v = v,; mat thoang ctia nudc cach mat trén cta thung 1a 4.

1. Tinh doan duong tdi thiéu ma xe dimg hén lai sau khi phanh véi luc khong d6i

dé cho nude khong bi tran ra ngoai.

2. Néu phanh gap tirc 12 doan dudng ham da biét s, < s, ; tinh lugng nude bi tran

ra ngoai.

Bai 4. Con lan hai ting ban kinh
vanh ngoai 1a R, vanh trong r, khéi ry
luong M, ban kinh quan tinh déi voi
truc nam ngang qua kh01 tam C cua
n6 1a p. Nguoi ta cudn day rt nho
vao tang trong, trong luong day
khong dang ké, rdi kéo bang luc
F = const hop véi phuong Ox mot
goc B, dé con lan lin khéng truot

Hinh bai 4
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trén mit phang nghiéng mot goc @ so v6i mat phang nim ngang, tir trang thai tinh.
1. Tinh gia téc, van tdc khéi tim C theo thoi gian .

2. Khao sat qhuyén dong khéi tam C theo thong s B con cac dai luong khac duoc
coi la hang so.

3. Tinh phan lyc tai A (xem hinh v§). )

Bai 5. Try nho C khoi lugng 2-kg c¢6 chét P di
qua tam chuyén dong trong réanh cia tay quay
OA. Biét rang tay quay OA chuyén dong trong

mit dimg véi van téc goc @ = 0.5 rads, hiy
xac dinh lyc tac dung 1én try C (coi nhu chat
diém) tai thoi diém 6 = 60°.

Bai 6. Mot soi diy cudn vao vanh trong ban
kinh » = 10 cm cua mot banh xe ban kinh R = Hinh bai 5

16 cm. Nguoi ta kéo day mot luc F = 20 N.

Banh xe nang 60 N, ban kinh quan tinh ctia n6

v6i truc d6i xtmg di qua khéi tim G 1a p = 12 cm. Hé s6 ma sat tinh va dong gitra
banh xe va mat duong la f; = 0,2; fz=0,15.

1. Banh xe c6 thé lan khong truot duoc khong ?

2. Tinh gia toc diém G va gia toc goc cua banh xe, bo qua ma sat lan, liy g = 10
m/s’,

Bai 7. Co mot chiéc 6-t6 duoc mo ta nhu hinh vé. Trong lugng cia 6-t6 va bdn
banh xe 1a Q. Moi banh xe dugc xem la dong chat trong lugng P, ban kinh R, ban
kinh quan tinh d6i véi truc quay la p, chuyén dong lan khong trugt theo duong
ngang. Tu trang thai tinh, tdic dung vao hai banh dan mdt mémen phat dong M, =
const, lam xe chuyén ddng. Tai cac 0 truc quay chiu tdc dung cia mémen can M, =
const, xe con chiu lyc can ngoai co tri s6 F = nv*, v la van tdc cua xe, n = const.
Bo6 qua ma sat lan.

1. Xéc dinh vén toc gidi han claxe v =v_ = const .

2. Khdo sat lyc ma sat trugt tac dung 1én mdi banh xe ké tir khi mo may dén khi
chuyén dong binh On, rdi tat may dén khi xe dung lai.

3. Khi dat duge van toc v 1ol tat may, tinh quang duong xe di dugc ké tir khi tit
may dén khi xe dimg lai v6i gia thiét 70> ~ 0.
4. Hay tinh cac dai luong d6 véi cac s6 lidu sau :

Mz=400 kNm; M. =25 kNm; O = 3000 kN; P =50 kN;

R=0,25m; p=0,1 m; n=0,2 kg/m; g=10 m/s>.
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Hinh bai 6 Hinh bai 7

Bai 8. Thanh AB dong chét tiét dién khong doi, chiéu dai /, khbi lugng m chuyén
dong trong mit phang thang dung. Pau A cua thanh dugc gian ban 18 tru khong ma
sat voi truc (xem hinh). Tai thoi diém ban dau, ddu B cua thanh & vi tri tha‘ip nhét.

1. Cho vén tdc goc ban dau cua thanh 13 wo. Xac dinh cac thanh phan phan lyc tai
A theo hai phuong vudng goc x va y & vi tri ¢ bat ky nhu hinh v&. Tinh cac thanh
phan phan lyc nay khi ¢ = 90°.

2. Hay xéac dinh van toc ban du can thiét dé:

a. Khi dau B 1én dén vi tri cao nhat, thanh AB tach khoi lién két (do thao chdt & A
ra) roi cham mit phang ngang ¢ dudi voi tu thé thing dimg. Khoang cach tir diém
A t6i mat phang 1a 3//2.

b. Khi diu B 1én dén vi tri cao nhét, thanh AB tach khoi lién két, khi trong tim
thanh nam trén duong thing nam ngang qua A thi cach A mot doan /.

Bai 9. Thanh thing AB ddng chat c6 khéi luong la m dugc treo ném ngang nho hai
day theo phuong thang ding budc vao hai dau thanh, con hai dau khac cua day
budc vao tran nha. Tim lyc cang & mot nhanh day khi nhanh day kia bi dut tirc

thoi.
A 4L y
O
>
Q
312
B
X
A C B
Hinh bai 8 Hinh bai 9
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Bai 10. Cho con lan ban kinh 7, khéi lugng m 1an khong truot trong mang cong ¢
dinh AB sau d6 lan khong truot tiép theo mang tron ¢ dinh ban kinh R. Cho hé sb
ma sat trugt gitra con lan va mang 1a /= 1/7. B6 qua sy can lan.

1. Phai tha con lin khong van tdc dau & d6 cao H bang bao nhiéu dé no co thé di
hét vong tron ma khong bi tach ra khoi mang ?

2. Khi con lan & vi tri thdp nhat B va dang ¢ trang thai nghi, hdy xac dinh van toc
v, nho nhit can phai truyén cho truc con lin theo phuong ngang dé con lan c¢6 thé

lan khong trugt va dat toi vi tri ¢ = /2. Yo

X0

Oo i
Hinh bai 10 Hinh bai 11

Bai 11. Khi khao sat dong luc hoc cia xe Segway hai banh chay trén duong thang
ngang. Moi banh xe dugc coi 1a dia tron dong chét c6 khoi luong m, va ban kinh r.
Than Xxe co khQi lugng mo, khoi tam tai C,, OC, = I,’ momen qua"tn tinh khf)i cla
than doi véi khoi gém C, ctaand la J,. Thﬁn xe dugc noi \{('wi banh bang ban 1€ tru O.
Momen can tai 0 truc O ty 1& van toc goc tuong doi gilta than va banh xe,
M, =bw . Xe chuyén dong dugc la nhd dong co dién tao ra mémen M, tuong
tac tai (f) truc O. Biét réng banh xe lan khQng truot.

1) Thiet lap phuong trinh vi phan chuyén ddng cho hé theo hai toa do suy rong
(z’ SD ). \ , 2 7

2) Xac dinh mémen dong co can thiét khi xe chuyén dong véi van toc v = const,
va than xe ¢6 phuong hudng Ién, va hdy xac dinh goc 1éch cua than xe, ¢ = const
nho.

3) Néu ké dén moémen can lan do mit duong tic dung 1én banh xe, M, =kw,, .

Phuong trinh vi phan chuyén dong ctia hé s& nhu thé nao.

Bai 12. Xét qua trinh ndi truc bang ma sat trén mo hinh don gian nhu hinh v&. Cho
biét van téc goc truoc khi ndi truc cia dia 1 12 @, va cta dia 2 1a @, mdémen quan
tinh cua dia ddi véi truc quay twong tmg 1a J;, J>. Luc ndi truc tac dung vao hai dia
doc theo truc nhu hinh vé va ¢6 d6 16n l1a F. Mit phé“ing ndi cua dia 1 ¢6 hinh vanh
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khuyén ban kinh ngoai 1a R,, ban kinh

trong 1a R,. Hé s6 ma sat giita cac mat
phang noi 1a g F Ll 7 F
1. Tim vén téc goc chung cua hai dia 77 7
sau khi noi.
Ji J2

2. Xéac dinh sy hao hut dong niang khi

noi truc.

3. X, d .. . A <A A A ]
ac dinh thoi gian can thiet dé nodi Hinh bai 12

truc.

4. Anh hudng cua lyc ndi truc F va hé sé ma sat truot Y7, dén thoi gian ndi truc va

lvgng mat dong nang.

Bai 13. Cabin thang mdy cung tai nang 500 kg
duoc kéo 1én nh0’ mo to M. Néu mod to tao luc

cang cap hang s6 T = 1.50 kN, hay xac dinh T
van tdc cua ca bin khi n6 di chuyén lén duoc 3 M
m tir trang thai dimg yén. Bé qua ma sat, khdi © @

lugng cia cap va cac puli.

Bai 14. C6 mot chiée xe goong khdi lugng M
khéi tdm 13 C va 2 banh xe dong chit ¢ cing
khéi lwong m, ban kinh r, ban kinh quéan tinh
dbi véi truc quay cua no la p. Gia st xe dang
chay déu voi van tde v va cac banh xe lin khong truot trén duong ray. Tai mét thoi
diém nao d6, mot trong hai banh xe bi ket. Gia su cac lién két tua gitra banh xe va
duong ray van duoc duy tri va banh xe bi ket s& truot theo dudng ray véi hé sé ma
sat trugt dong la 1.

Hinh bai 13

1. Xac dinh thanh phan phan lyc tiép tuyén cua duong ray tac dung 1én hai banh xe
theo gia toc a cla xe goong.

2. Gia st rang m/M rat nho :

a. Ching minh rang khi d6 thanh phan phan luc tiép tuyén 1én banh xe khong bi ket
xap xi bang 0 va thanh phin tuong tmg d6i voi banh xe bi ket ty 18 véi tich khéi
lwong M va gia toc a ciia xe goong.

b. Tinh cac thanh phin phan luc phép tuyén dit 1én 2 banh xe va gia téc a cua
goong trong truong hop banh trude (1) bi ket.

¢. Tuong tu nhu cau b nhung trong truong hop banh sau (2) bi ket. Chimg minh
rang trong trudng hop nay nghiém cua bai toan chi c6 nghia néu £ < f;. Trong d6 f.
la gia tri té1 han cua f.
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Hinh bai 14 Hinh bai 15

Bai 15. TAm tron dong chat khéi luong M ban kinh R ndm ngang quay quanh truc
thing dung léch tdm vé&i do 1éch 1a a. Trén mep tdm c6 mot nguoi ding, van toc
ban dau cia tim 13 @,, coi ngudi 1a mot chit diém c6 khéi luong m. Bé qua ma sat
& 6 truc. Xac dinh cong can thiét ma nguoi thyc hién dé di tir E dén truc quay.

Bai 16. Chat diém khdi lwong m chuyén dong trong hinh xuyén nhin & trong mit
phing thang dung c6 phuong trinh 1a z° / a® +y* / b* = 1. Ong hinh xuyén quay
déu quanh tryc thang ding véi vén tc goc m, = const.

1. Lap phuong trinh vi phén chuyén dong ctia chét diém, trong chuyén dong tuong
ddi cua nd.

2. Tim céc vi tri cAn bang tuong dbi ciia chét diém.

3. Khao §ét gié tri ham Lagrange L tai cac vi tri do, rOi xét tinh bén viing cla cac vi
tri can bang ay (xem hinh v§).

I Z§T§
e
\\\b/ C

i MQ)(PZ A
1" A

Hinh bai 16 Hinh bai 17

96



Bai 17. Hai ddu mat ciia thanh AB dong chat khdi lugng m, dai 2/ c¢6 thé truot
khong ma sat trong khung quay tron quanh tryc thang dung z, dudi tac dung cta
moémen M. Biét mémen quan tinh ctia khung do6i véi truc z 1a J.

1. Lap phuong trinh vi phan chuyén dong ctia co hé theo goc w va ¢ .

2. Gia st khung quay déu vé6i vén tde goc = w, = const , tim gia tri mémen M
dé duy tri ché do chuyén dong d6. Xac dinh van toc goc, gia toc goc tuong dbi cua
thanh ¢, ¢ theo goc ¢.

3. Vi ché d6 chuyén dong )= w, = const, xac dinh ap lyc phap tuyén cua thanh
tac dung 1én khung tai A theo goc ¢, biét thoi diém ban dau 1a 0= 0, H(0) =0,
@0) = /6.

Bai 18. Vanh tron ddng chit khdi luong M, khéi tam O, ban kinh vanh ngoai 1a R,
vanh trong p, chiu tac dung moémen L lan khong trugt phia trong hinh tru tron cd
dinh ban kinh duoc xem la R. Dia tron dong chat khoi luong m, ban kinh r lan
khong trugt phia trong hinh vanh khan. Co hé chuyén dong trong mat phang thang
dimng.

1. Lap phwong trinh chuyén dong ctia co hé theo goc ¢ va 6.

2. Gia sir vanh tron quay déu véi van toe goc 5_20 = const, tim mémen L dé duy tri

ché d¢ chuyén dong d6. Tinh van téc ¥ khi @ =7/3 véi diéu kién dau ¢(0) = /3,

¢, =249/ [3(p—7)] va p=120cm, r=20cm, g =10"/s".

3. Khi vanh tron quay déu, bo qua ma sat lan, xac dinh phan lyc ciia vanh tron tac
dung 1én dia tai B, tinh van tbe goc (_20 cua vanh tron.
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Bai 19. D6i v6i mot cai chudng nha tho, cho biét khdi luong vo chudng 1a me, khdi
lugng can lic 1a mg, momen quan tinh cua vo chudng véi diém treo A 1a Jg,
mdmen quan tinh cia can lic ddi v6i diém treo B 1a Jk, ciing cho biét cac kich
thu6e s¢= ACg, sk =BCgvah= AB.

1. Xem chiéc chudng nha thd nhu mé hinh mét con lic kép, hiy thiét 1ap phuong
trinh vi phan chuyén dong cua co hé. B6 qua luc can va luc rung chudng.

2. Trong mdt vai trudng hop rung chuéng khong kéu do sau khi va cham, can lic
va vo chudng chuyen dong nhu mdt vat ran. Trong truong hop do, tir cac phuong
trinh vi phan chuyén dong trén hay tim diéu kién ma d6 dai 4 phai thoa man.

Bai 20. Dia dong chat c6 khéi lugng m; 1an khong truot theo mit phang ngang. Tai
tam dia gin ban 18 v6i thanh AB d6 dai L chuyén dong nhd mémen M. Tai B ¢
gin con chay khéi lwong m, chuyén dong thing ding, nd dwoc gin véi tai trong D
khdi lugng m; nhd 10 xo0 ¢6 do cing ¢. Bo qua khoi lugng cua thanh. Hay thiét 1ap
phuong trinh vi phan chuyén dong cua co hé dbi véi cac toa dd suy rong s, ¢ khi
@ =0,s =010 xo khong bién dang.

Bai 21. Mot xe khdi lwong m) chay theo dudng thing ngang. Tai diém O trén tran
xe treo mot con lic vat ly khoi luong m, trong tam C (OC = e), ban kinh quén tinh
dbi voi truc quay qua O bang p. Con lic lién két véi tran xe bang 16 xo xoan c6 do
ctg ¢. Ngau lyc can tai truc quay O c6 mémen M, = b, trong d6 o 1a van toc
goc cua con lac vat Iy, b 1a hé s6 can khong ddi duoc do tir thuc nghiém. Bo6 qua
khdi lwong cua cac banh xe, cac banh xe lan khong truot.

1. Viét phuong trinh vi phan chuyén dong cia co hé, biét ¢ = 0 16 xo khong bién
dang.

2. Khi xe chay v6i van toc v = vy + VeosQt, trong d6 vy, V¥, 214 cac hang sb va
V'<<vy, tinh dao ddng bé cua con lac (trong trudong hop nay 13y sing ~ @, cosp = 1).

Hinh bai 20 Hinh bai 21
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Bai 22. Dia dong chét ¢ khéi lugng m;, ban !
kinh R lan khong trugt trén duong nam ngang
duéi tac dung cia mémen M (t) = M cos wt

(w13 hang s6). Trén tAm O cua dia cd gin con
lic vat Iy OA, c6 khdi lwong m., khéi tAm cua
n6 1a A v6i OA = h, 16 xo c6 do cing 1a ¢ ndi
tam O cua dia véi gia cb dinh.

1. Thiét 1ap phwong trinh vi phan chuyén
dong cua co hé theo cac toa do x va ¢.

2. Xac dinh phan luc lién két ¢ 6 truc O tai
thoi diém ban diu, néu & thoi diém nay OA Hinh bai 22
thang dung va con lic dung yén so véi dia

(c‘b‘/fo = 0). Cho my = 1/4my; mi= 40 kg; Jo = 0,1mR* va h = 0,6R.

Bai 23. Vit A khéi luong 10 kg nam trén tim ngang B nang 50 kg & vi tri nhu trén
hinh. B6 qua khoi luong cua day va rong roc, va cac hé s6 ma sat dong dugc cho
trén hinh. Hay xac dinh thoi gian can thiét dé vat A truot 0,5 m trén tAm khi hé
dugc tha chuyén dong tir trang thai ding yén.

Hinh bai 23

Bai 24. Thanh OA = 2/, ddng chat khéi lugng M, quay tron quanh truc nam ngang
qua O ¢0 dinh.

1. Gia st chat dién} B khdi luong m, truot khong ma sat trén OA. Thiét 1ap phuong
trinh vi phan chuyén dong cua co h¢. Tinh phan luc lién két tadc dung 1€n chat diém
theo: r, @, 7, .

0]

Hinh bai 25

Hinh bai 24



2. Chit diém B v6i van tdc v roi thang dung tir trén xudng dap vao thanh OA dang
nam ngang (¢ = 0) va ding yén (¢, = 0). Coi va cham la dan héi. Tinh van tdc v,
cta B, van tdc goc ¢, cua thanh ngay sau va cham va xung lugng va cham, cho r =
a 1 vi tri va cham cta chét diém.

3. Lap bat dang thuc gitra / va a dé sao cho sau va cham chét diém B trugt theo
OA.

4. Chimg minh rang, néu chat diém da truot theo OA thi sau d6 khong thé roi khoi
thanh OA.

5. Trong truong hop gii han I = 3/4a, thi sau va cham chét diém B roi khéi OA,
hay chiing minh diéu do.

Bai 25. Mot ban rung c6 khdi luong my duoc lip nghiéng so v6i mit ngang mot
goc a = const. Mot vién bi try co6 dang la mot dia déng chét khdi luong m, ban
kinh r c¢6 thé ldn khong truot trén mat ban rung. Mit ban rung chuyén dong tinh
tién theo phuong dimg. Ban lién két voi nén bang 16 xo ¢6 d6 cing ¢ va giam chin
nhot c6 hé sé can khong ddi b. Ban con chiu tac dung luc kich dong thang dung la
ham diéu hoa cua thoi gian F = FysinQ, trong d6 Fj va £21a cac hing sb da biét.

1. Thiét 1ap phuong trinh vi phan chuyén dong cua co hé theo x va s.

2. Tim diéu kién dé vién bi lan khong truot trén ban. Cho biét hé s6 ma sat trugt
tinh bang f.

Bai 26. Ong dong chat AB dai 3/, khéi lugng m quay xung quanh truc thang dung
0,0.. Hai qua cau xem la 2 chat diém cung khéi luong m duoc nbi v6i nhau bang
day mém Kkhong gian c6 chiéu dai /, co the trugt khong ma sat trong ong Luc dau,
khi qua cdu M nam & vi tri diu A cia 6ng trung véi truc quay, truyen cho hé van
tbc goc ban ddu ay. Bo qua khéi lugng cua truc quay, ma sat & cac 6 truc.

1. Xac dinh vén tdc goc, gia toc goc cla ong tai thoi diém qua cau N dén dau B cua
ong.

2. Tinh strc cang T cua day ndi 2 qua cau tai thoi diém noi trén.

V4
K © ’
O\ E
M N X D X |
------------------ —=o | > [ DI
A B A
= -
o :
0, g,g

Hinh bai 26 Hinh bai 27



Bai 27. Dia tron dong chét khéi lugng m ban kinh » c6 thé lin khong trugt trén
canh nam ngang ctia khung cing DEKH gin vao truc quay thang ding 0O;. Tam
C cua dia duoc ndi véi diém cb dinh I ctiia khung nho 16 xo ¢6 do cing ¢, do dai
ctia 10 xo lac khong bién dang 1a r. Khung quay dudi tic dung ciia momen phat
dong L va chiu moémen can ty 1¢ bac nhét v&i van tbe gbc cua khung voi hé ) ty 1€
12 b (b = const ). Cho khdi lwong cua khung 1a M, ban kinh quén tinh cia n6 dbi
vé6i truc quay 1a p. Bé qua ma sat & cac 6 truc, khdi lugng cia khung quay va khoi
lugng cuia 10 xo.

1. Thiét 1ap phuong trinh vi phan chuyén dong cta co hé theo cac toa do suy rong x
va @.

2. Xét truong hop khung quay déu véi van tbc goc @y = const. Xac dinh quy ludt
chuyén dong tuong d6i cua tdm dia. Cho biét & thoi diém déu tim C cua dia & cach
truc mot khoang 1 » va ndm yén d6i voi khung.

Bai 28. Ling tru A chuyén dong tinh tién song song véi mit phing thing dung
Oix1y; theo ludt: s = b7, trong d6 b 1a hang s6 duong. Qua ciu M kich thudc
kh()ng dang ké, khdi lugng m co thé dich chuyén trong dng nhin dit doc theo mit
phing ‘nghiéng cua lang try 1@p voi phuong ngang mét goc a. Lo xo ¢6 d cing c,
mot dau budc c¢b dinh vao diém O cua 6ng, dau kia gin voi qua cau. Do dai tu
nhién cta 10 xo 1a /.

1. Xac dinh luat chuyén dong x = x(¢) cua qua cau doc theo 6ng. Cho biét & thoi
diém dau £ =0 qua ciu ¢ vi tri xo=2lp va t,=0.
2. Tinh ap lyc cta qué cau 1én thanh 6ng tai thoi diém ¢ bat ky.

»i

IYOC
ol ¢) =

Hinh bai 28
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Bai 29. Thung C c6 khéi lwong 50 kg ndm yén trén ké d& véi hé s6 ma sat truot
tinh giita thung va ké 1 0.5. Tai thoi diém goc 6=30° cic thanh ndi c6 vén toc goc
@ = 1rad/s va gia toc goc @ = 5 rad/s’. Xac dinh lyc ma sat tac dung 1én thung C.

0.5m Hinh bai 29

Bai 30. Mot con lan hinh tru ban kinh 7, khéi lugng m, mémen quan tinh dbi véi
truc di qua khéi tAm C va vudng goc voi mit phang day 1a mzf . Con lin duoc ndi
bang 16 xo véi hé sd cing ¢ vao gia d va lan khong truot trén mat phang nam
ngang cua gia do AB. Khoi lugng gia d6 la m;. Cac kich thu6e cho trén hinh v&.
Biét rang ¢ ‘ghc‘ri djém dau 1o xo b1 kéo ra so vo1 do dai tu nhién /p thém mot doan la
a, con van toc khoi tAm con lan bang 0. B4 qua ma sat lan giita con lan va gia do.

1. Xac dinh phéan lyc & A va B.

2. Tim gia tri cuc dai cia cac phan lyc nay. 7z
dy I x 0. Ny ¢
i D
Al
? c
o C
/\ B
12 /2 ””’l”’—
|
Hinh bai 30 Hinh bai 31
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Bai 31. Co hé gdm vanh tron ban kinh R ¢c6 moémen quan tinh dbi v6i duong kinh
1a J, quay quanh truc c6 dinh thang dimg 1a duong kinh 0,0,; thanh manh AB
ddng chét dai 2a (a<R) khdi luong m, hai ddu A va B tya vao vanh. Hé chuyén
dong tir trang thai nghi duéi tac dung ctia ngau luc c6 moémen M dit vao truc quay.
Tai thoi diém dau doan théng ndi tim O cua vanh vai khdi tAm C caa thanh tao véi
truc quay goc @ kha nhé. Bé qua ma sat.

1. Thiét 1ap phuong trinh chuyén dong cta co hé.

2. Cho R =a/2, x4c dinh M dé vanh quay déu vdi véan téc goc @y va di chuyén cua
thanh ddi véi vanh 1a nho.

Bai 32. Canh tay thao taic BDE ciia Robot cong nghiép duoc dan dong bang mot
mé men xodn M = 50 Nm tac dung 1&€n khau CD. Xac dinh cac luc lién két tai cac
khép B va D khi cac khau AB va CD dang chuyén dong véi van toc goc 1a 2 radss.
Tay may BDE c6 khdi lugng 1a 10 kg va trong tdm tay may dit tai vi tri diém G;.
Vit ning duoc giit boi tay may c6 khdi lugng 12 kg, trong tam dit tai G2. B6 qua
khéi luong cac khau AB va CD.

(1,220 m
- =< (365 m 0.735m

Hinh bai 33

Hinh bai 32

Bai 33. Hai qua ta A va B khéi lwong mi =2 kg, my=1 kg dugc nbi v6i nhau bang
mot thanh dai / = 60 cm. Ban dau qua ta B khong chuyén dong, con qua A ¢6 van
tbe v, =60m cm/s (v, L AB). Bé qua trong lugng cua thanh, strc can khong khi
va kich thudc cac qua ta (xem hinh v§).

a) Hiy xé4c dinh chuyén dong cua nhiing qua ta dudi tac dung cua trong luc.

b) Xac dinh khoang cach £ va h; cia cac qua ta tai thoi diém ¢ = 2s so v6i phuong
ngang cua h¢ luc ban dau.
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¢) Cho bié"t ban dau thanh AB nam ngang va cach mat dit mot khoang bang 4 = 20
cm. Hoi dau nao cham dat trudce?
d) Xac dinh cac lyc thanh tac dung Ién cac qua ta?

Bai 34. Mot tau dién dang chay bi hdm dot ngot. Tai thoi diém nay mot nguoi dang
dung yén trén tau da budc 1én phia trude (theo phuong tiu chay) mot bude dai 0,3
m dé khoi nga. Biét do cao trong tam cda nguoi la 0,9 m. Tau chay thém 9,6 m nira
thi dimg lai. Hoi van tdc tau lac ham?

Bai 35. Co céu hanh tinh trong mat phang thing dimg, c6 banh rang 1 chuyén dong
trong banh rang c¢b dinh 2. Banh 1 gén clmg véi tang trong ciing ban kinh, trén do
cubn cudn day khong gian, dau kia cua soi day budc tai trong A ¢ khéi luong m.
Tinh khéi lwong m; can thiét cua banh rang 1 va tang tréng dé tay quay OC c6 thé
quay duoc mot goc ¢. Tai thoi diém ban dau hé dimg yén va OC thang dimg. Day
du dai dé co thé boé qua chuyén dong con lic cua tai trong A va bo qua khéi lwong
tay quay OC va day.

-+ 600 mm

Hinh bai 35 Hinh bai 36

Bai 36. Thanh manh dong chét tiét
dién déu c6 khdi luong 5 kg duge gt
nhu trén hinh. Néu day treo tai A bi
dut, hdy xac dinh phan lyc tai ban 1é

— 350 mm
O: (a) Khi thanh van & vi tri ndm
ngang, (b) Khi thanh xoay sang vi tri [?___._-—-—l O
thang dimg. pe e St

Bai 37. Bé xic dinh md men quan
tinh Ig cua 1 thanh truyén nang 4 kg,
thanh dugc treo nam ngang nho mot Hinh bai 37
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day tai dau A va dau B duoc dit tya trén mot cam bién do luc. O trang thai can
bang, luc hién thi trén cam bién 1a 14,6 N. Néu tai thoi diém day bi cit dut, cam
bién tai B hién thi 9,3 N, hdy xac dinh gia tri mé men quan tinh khéi cua thanh
tmyén dbi voi khéi tim G. B6 qua sai léch vi tri cia dau do gilra cac trang thai.

Bai 38. Mot chat diém chuyén dong theo mot dudng cong phang dudi tac dung cua
luc Q c6 trj s6 khong ddi.

1) Xéc dinh luat chuyén dong ctia chét diém trong toa do tu nhién; néu hinh chiéu
cuia lyc téc dung trén phép tuyén chinh 1a F = kmuv (m 1a khéi luong chét diém, k
1a hé s6 ty 16 va v 13 van tdc cta chit diém). Ban dau chit diém ¢ trang thai ding
yén.

2) Tim hinh chiéu cua luc 18n cac truc toa do tw nhién, bo qua trong luong cia chét
diém.

Bai 39. M6 hinh mdt xe Gi nhu
hinh v& Than xe khdi luong mo,
bbn banh xe coi nhu cac dia tron
ddng chat, mdi banh khdi lwong
my, bén kinh r. Dau ui c6 khdi
luwong mo, khdi tam tai A, duge ndi
v6i than xe bang ban 1& O nho
thanh OA khong khéi lwong. Dong

co dat trén than phat ra momen M }‘TZ"E"
= Mo — o® tac dung trén truc trudc

(Mo va a 1a cac hing s, o 13 vén

tde gbc cua truc). Bo qua ma sat tai cac 6 truc. Hé sb ma sat truot dong gitia dau ui
va nén 1a /. Cac banh xe lan khong truot.

a) Tim chuyén dong cua xe x(f). Xe chuyén dong tir trang thai ding yén.

b) Xac dinh Iyc tai ban 18 O.

¢) Trong truong hop a = 0, tim diéu kién d6i véi Mo dé banh xe chi dong lin
khong trugt, biét hé sd ma sat trugt tinh gitra banh xe va mat duong 1a f.

Hinh bai 39

Bai 40. Trén pha A khdi lugng M, c6 6-t6 B khdi lugng m chuyén dong dbi véi
pha theo qui luat: s =b(ov t +¢ * —1), trong d6 b, & 1a cac hing sb duong. Tai

thoi diém dau pha A dung yén. Xac dinh véan téc ciia pha A phu thudc vao thoi
gian ¢ hai truong hop sau:
1) B6 qua luc can cua nudc.

2) Lyc can ctiia nudc tac dung 1€n pha la R= —u @, trong d6 x 14 hang sé dwong,

voi didu kién o = /(M +m).
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Bai 41. Cho co hé gom dia dong chét khéi luong
my, ban kinh R quay dugc quanh tryc nam ngang O
¢ dinh. Thanh dai AB =/, khéi lugng bo qua gan
ban 18 vé6i dia tai A, dau mut con lai duogc gan qua
cAu nho B ¢6 khdi luwong m>. Mot 16 xo xoan c6 do
cimg ¢ dugc gin cac dau mut vao thanh va dia.
Biét rang khi ¢ =y = 0 15 xo khong bién dang, OA
= g. Thiét 1ap phuong trinh vi phan chuyén dong
cua co hé theo ¢ va w.

Bai 42. Thanh OA dai a quay trong mat phing Hinh bai 41

thang dang xung quanh truc nam ngang O véi van

toc goc o = const. Ong 2 dong chat kh01 lugng M dai 2/ dugc gan ban 18 véi thanh
tai A. Qua cau nho B khéi luong m gin ¢ dau 1o xo, truot khong ma sat trong ong
2. Lo x0 ¢6 do cing ¢, d6 dai khi khong bién dang 1a /. Trén ong c6 ngau lyc
momen L do dong co khong khdi lwong dit trén OA tac dung 1én. Thiét @p phuong
trinh vi phan chuyén dong co hé theo ¢ va x.

y

o i;’ : <
X Hinh bai 43
Hinh bai 42
Bai 43. Hai vét ning A va B ¢ khi luong tuong tmg m va m, duoc nbi voi nhau
bang mot 10 xo d6 ctrng ¢ dang ¢ vi tri can bang tinh trén mat phang nghiéng tron

1ap voi phuong ngang mét goc o nho mét thanh chin & A. Tim qui luat chuyén
dong cua A, B va tam khoi lugng cuia chiing khi tha nhe thanh chan ra.

Bai 44. Thanh dé”)ng chat AB c6 trong luong P chiéu dai 2L, nim trong mat phang
thang dung c6 dau A va B trugt khong ma sat doc theo truc y va truc x. Vat C co
trong lwong O duoc ndi voi ddu B bang mot soi day khong gian khong trong luong.
Vit C truot trén mit phiang ngang doc theo truc x véi hé sé ma sat /. Ban dau thanh
AB tao vdi truc y mot goc ¢p va cho roi khong van toc ban dau.

1) Xéc dinh vén tdc goc va gia toc goc ciia thanh theo goc ¢.

2) Tim surc cang cua day.
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Bai 45. Hai khdi tru A va B ¢6 cung ban kinh » va khdi luong m lan khong truot
trén mit phiang nghiéng nhu hinh v&. Cho mémen quan tinh cta khi tru B d6i véi
truc dbi xung la mr?, momen quan tinh ctia khéi tru A ddi voi truc dbi xung la kmr?
(0 < k< 1). Hé s6 ma sét truot giira hai khéi tru 1a £ Xac dinh gia toc cta khéi tim
cac khéi try va ap luc gitra chiing.

Bai 46. Vit A khéi luong m duoc kéo 18n nhd hé thdng toi nhu hinh v&. Toi B gdm
hai ting, mdi tAng 1a mot dia tron ddng chat co khdi tim & truc quay hinh hoc O,
khéi lwong twong tmg cua hai dia 1a ma va ms, cac ban kinh r, va 3. Roto ciia dong
co dugc xem nhu mot try tron dong chét ban kinh ri, khoi luong m; quay quanh
truc ddi xtmg C. Bo qua khdi lugng dai truyen va ma st tai cac o truc. Ngau luc
tac dung 1én truc dong co c6 moémen khong ddi 1a M, .

1) Tim momen dong co t6i thiéu Mamin dé co hé can bang.
2) Tim phuong trinh chuyén dong ciia vat A khi Ma = 2Mamin. Biét rang khi t =0
this=0, v=y.

Hinh bai 46 Si Hinh bai 47
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Bai 47. Mot tru tron ddng chit c6 tam A, c6 trong lugng Py, ban kinh R lin khong
truot trén mat phang nghiéng cia lang tru tam giac B. (Puong sinh cda tru tron A
ludn vudng gbéc voi canh day CD cua lang tru). Lang tru tam gidc B c6 trong lugng
P> va co goc nghiéng so voi mat phing ngang 1a . B6 qua ma sat trugt gilra lang
tru va mat phang ngang. Hay xdc dinh lyc F' can tac dung vao thanh CE cua lang
tru theo phuong nam ngang de:

a) Tru tron A van dimg yén trén mit nghiéng.

b) Tru tron A lan 1€n phia trén cua lang tru.

¢) Tru tron A lan xudng phia dudi.

Bai 48. Tam chit nhat co khdi lwong M, khéi tim C, dwoc gin véi hai thanh va
duoc treo vao hai truc cua hai banh xe lan O, O,. Hai banh xe nhu nhau cuing ban
kinh r. Xe dang chuyén dong ngang. Kich thudc b va & cho trén hinh veé.

a) Mdi banh xe c6 khdi lugng m, ban kinh quéan tinh di véi truc qua tim 13 p. Tai
mot thoi diém nao d6 c6 mot banh xe bi ket, no trugt trén ray ngang (khong lan)
con banh kia van lin khong truot trén ray. Xe chuyen dong cham dan voi gia téc a.
Goi Fi va F; 1a cac lyc ma sat trugt tai dlem tiép xuc giita ray va cac banh xe. Tim
F1 va Fj (tri s6 va chiéu) suy ra rang néu bo qua khdi lugng cac banh xe thi c6 thé
bo qua luc ma sat trugt gifra ray va banh xe khong bi ket.

b) Gia thiét bo qua khdi lugng cac banh xe va banh xe sau bi ket, no truot trén ray
v6i hé sb ma sat truot dongla f <2h /b, con banh trude lan khong truot.

- Tim gia tdc a cta xe. Tim cac phan luc phap tuyén N, N, va cac luc ma sat Fy, F
cua hai banh xe doi voi ray.
- Tim gia tri t&i han f* ciia £ dé banh trude van lan khong truot.
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Bai 49. Mot truc bac ¢6 khdi lugng m1 =15 kg, c6 cac ban kinh » va R = 2r, c6 ban
kinh quan tinh déi véi truc dbi ximg 13 p = ~/Rr . Truc bc dugc quén vio diy c6
dau A cd dinh. Dy dugc xem 1a khong gidn va quan vao truc co ban kinh ». Mot
vat D c¢6 khdi lugng my duoc treo vao mot soi ddy khong bi gidn va dau khac quan
vao phﬁn truc ¢6 ban kinh 16n. Truc bac con chiu tac dung luc F = 196 N theo
huéng thing dimg. Bo qua khi lugng cua day. Tinh gia toc ciia vat D va sirc cing
cua nhanh day c6 diém treo tai A. Tim van toc cta vat D khi tam C di chuyén Ién
phia trén dugc 1 mét, ban dau hé dung yén.

Bai 50. Cho hinh try dong chét 1 ¢6 khdi lugng m va ban kinh R ldn khéng trugt
trén tdm de phang 2 c6 khéi lwong M, ndm trén miat phang nim ngang nhin khong
ma sat . Truc C cua hinh try trugt theo ranh cua thanh ctrng 3, thanh nay ndi voi de
2 bang ban 18 A va 10 xo xo0dn 4 c¢6 do cimg c. Truc A cach mit phing trén cua de
mot khoang 1a 1. Lo xo khong bi bién dang khi thanh ctng 3 & vi tri thing dung,
p=0.

Chon cac toa do suy rong di cho hé 1a x va s. Cho biét trang thai ban dau cta hé :
2(0) = 0,5(0) = (R + 1) tang,, 2(0) = 0,5(0) = 0.

1) Thiét 1ap phwong trinh vi phan chuyén dong cho hé.

2) Xac dinh gia téc goc cua thanh ctmg 3 va gia toc ciia de 2 tai thoi diém ban dau
3) Xéac dinh vén tdc cua de 2 khi thanh 3 tr& lai vi tri thing dung? Bo qua khdi

lugng ctia thanh 3; M =3m; R=3l; ¢, =7 /6. .
1

_x.:iA ]

Hinh bai 50

S
A

Hinh bai 51

Bai 51. Mot co céu hanh tinh dit trong mit phang ngang. Banh 1 ¢6 khdi luong M,
ban kinh R, con khung dang tam giac vudng khéi lugng cta no duge bo qua, cO thé
quay doc 1ap quanh truc thang dimg qua O. Tac dung 1én banh 1 mot ngau luc c6
momen khong d6i L; va 1én khung ngau luc c6 mémen khong ddi L, 1am cho banh
xe 3 va 4 lan khong trugt bén trong va ngoai banh 1. Céac banh xe 3 va 4 dugc xem
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1a cac dia dong chat co cung khdi lwong m va ban kinh . Xac dinh chuyén dong
cua co hé. Cho M =2m; R =3r.

Bai 52. Vat 4 trong lugng P ¢o thé truot trén thanh BC khoéng ma sat. Thanh BC
trong luong khong dang ké, dau B gin khop ban 18 (cb dinh) twa 1én mit toi O ban
kinh R tai H. Toi O c6 trong luong G xem 1a tru ddng chét, c6 thé quay quanh
truc O ndm ngang. Soi ddy nhe khong dan, mot dau budc vao 4, dau kia quén vao
tang ctia toi O ban kinh 7 = R /2 sau khi da vat qua 2 rong roc nhe D, E. Thanh
BC nam ngang, khoang cach BH = [. Hé s ma sat giita toi O va BC la f. Toi
chiu momen quay M = const.

1) Xac dinh lyc ma sat gitra BC va toi O theo khoang cach AB = x .

2) Xéc dinh quy ludt chuyén dong ctia co hé z(t) khi vat 4 chuyén dong trén BC,
biét tai thoi diém dau 2(0) = 0, #(0) = 0.

X
—| 4

2 et 3"

Hinh bai 52

Bai 53. Vat A c6 khéi luong m duoc kéo 1én
nho céac truc quay I va Il ¢6 cung ban kinh » va
moémen quén tinh cta ching dbi vé6i truc quay
riéng bang J. Cac truc quay chiu tic dung céac
ngau lyc c6 moémen 1an lugt 1a M; va M. Bo qua
khéi luong cac rong roc va ma sat tai cac ) truc.
Coi cac day la nhe, khong bi gian, khong bi
truot trén cac vanh rong roc. Tinh:

1) Gia tdc ciia vat A.
2) Stc cang trong nhanh day treo rong roc Oa.

Hinh bai 53
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Bai 54. Conqlé’w toan hoc dugc dit trén
mot xe chuyén dong theo phuwong ngang
Ox. Truc quay cia con lic vudng goc
v6i phuong chuyén dong cia xe dé con
lic c6 thé dao dong trong mit phing
thang ding Oxy. Thoi diém dau con lic
& vi tri thip nhét va c6 van toc goc 1a . I % % |

s\,

a) Chiéc xe phai chuyén dong voi van
toc v() nhue thé nao d€ khi
0<t<m/(2w,) con lic quay quanh
diém treo v6i van téc goc khong doi. Hinh bai 54

b) Hay xac dinh luc F cin dat vao xe

theo phuwong ngang dé thuc hién chuyén dong do, néu cho khéi lugng cua xe 1a M,
khéi luong cta con lic 1a m.

Ba~1 55: Mot dia mong co khoi lwong M cé thé truot khong ma sat trén mot mat
nhan nam ngang.

a) Mot chat diém A khéi lugng m chuyén dong trén mat khong nhan cua dia Vol
phuong trinh chuyen dong tuong dbi 1a x(7), y(¢) dbi v6i hé toa do Dé cac Oxy gin
lién véi dia ¢ gdc O 1a tim dia. Biét momen quan tinh ciia dia ddi Vi khéi tam 1a
Jo va ban dau dia dimg yén. Hay xac dinh qui luat bién d6i cua van tdc goc cia dia.
b) Néu chét diém chuyén dong twong dbi theo vanh tron ban kinh R cua dia voi van
tc (twong ddi) V.= az, hdy tim qui luat chuyén dong cua dia.

Bai 56. Mot banh A ¢6 dang dia tron déng chét, c6 khdi lugng 2m lan khong truot
trén miat phiang ngang. Truc C cta banh A nbi véi vat B nho 16 xo ¢6 d6 cung ¢
chuyén cho vat B chuyén dong theo mit phing ngang nhan. Khéi lugng cua vat B
béng m. Tai thoi diém dAu ca hé nim yén va 1o xo bi gidan mot doan bﬁng L. Xac
dinh van tde cua truc C tai thoi diém do bién dang cua 10 xo bﬁng 0. Bo qua ma sat
lan.

vé tinh

7.

Hinh bai 56 Hinh bai 57
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Bai 57. Dé tach vé tinh ra khoi tang cudi cia tén lra co6 khdi lwong M ngudi ta
dung mot can day nho 10 xo c6 do cing c. Vé tinh c¢6 khdi lugng m. Xac dinh van
tdc tuong ddi cua vé tinh tai thoi diém duoc tach khoi tén lira. Cho biét hanh trinh
clia can déy la / va lac v¢ tinh dugc tach khoi tén Itra thi 16 xo khong bi bién dang.
Van tbc tuong ddi cua vé tinh ¢co phu thudc vao van tdc cua tén ltra c6 vé tinh tai
thoi diém tach nhau khong?

Bai 58. Hai thanh rang 1 va 2 co khéi luong cung bang m chuyén dong theo ranh
nam trong mit phing ngang. Thanh 2 n6i v6i nén bang mot 10 xo co do cung c.
Banh 3 c6 ban kinh 7, khéi lugng M duge xem nhu dia tron dong chét an khop véi
hai thanh ring. Tac dung vao banh 3 mot ngau lyc c6 mémen L. Ban dau 1o xo
khong bi bién dang.

Viét phuong trinh vi phan chuyén dong ctia co hé.

Bai 59. Vat A c6 khéi luong m, dugc budc vao day mém khong gidn khong trong
luong va vat qua rong roc tim O 10i quén vao try tron dong chat tim C co khdi
lugng m, . Rong roc tdm O dugce xem nhu try tron d@)ng chét c6 khdi lugng m, .
Tru tron tim C c6 thé ldn khong trugt trén tdm phang c6 khdi lugng m . tAm nay
truot khong ma sat trén nén ngang tron. Hay viét phuong trinh chuyénﬁ dong cua co
hé theo cac toa do suy rong = va s . Tim cac tich phan dau ctia chuyén dong. Tim
gia tbe vat A va gia tdc tam C néu m, = 0.75m,, m, = 0.5m,, m, = 0.25m, .
Dong thoi xéc dinh lyc cing dy budc vét 1 va quan vao tru C.

wn | MZZZA‘&E

Hinh bai 58 Hinh bai 59

Bai 60. Mot dong co dién cua truyén dong duogc dat trén mot khung quay, vi tri cia
n6 duge xac dinh qua goc ¢. Banh ring 1 duoc lap trén truc dong co dién lan trén
banh rang 2 ¢ dinh d6i v6i nén. Cho mémen quan tinh ctia khung va dong co dién
dbi vé6i truc quay cua khung bang Ji;, mémen quan tinh cia dong co dién dbi véi
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truc quay riéng ciia n6 bang Jo, ty s6 truyén dong cua cip banh ring 1 va 2 13 ip.
Momen quay cua dong co 1a My. Momen can quay cua dong co la M'y. Mémen cua
ngau lyc tac dung 1én khung 1a M.

Viét phuong trinh vi phan chuyén dong cua co hé.

Hinh bai 61

Hinh bai 60

Bai 61. Cho so dd xe hai banh nhu hinh v&. Cac banh xe vira lan vira truot trén
duong ndm ngang. Banh 1 c6 khdi lwong m1, banh 2 c6 khdi lwong my. Cac banh xe
c¢6 ban kinh bang nhau va bang R, chung duoc xem la cac dia tron dong chat. Luc F
tac dung tai tim banh xe 2 va nghiéng voi dudng nam ngang mot goc o. Hé sb ma
sat truot bang £, Bé qua khdi lwong cta thanh 3. §
Viét phuong trinh vi phan chuyén dong cia xe. »

Bai 62. Mot 6ng tru tron rong dong chat, c6 trong luong P va

c6 ban kinh day 1a R ¢6 thé quay quanh tryc thang dimg. Trén

mit trong cua 6ng co xé mot ranh dinh dc véi bude bang A.

Mot vién bi nho c6 trong lugng bang Q chay xudng theo rinh

dinh ¢ dudi tac dung cua trong lugng ban than. Bo qua ma

sat gitra bi va ranh.

Viét phuong trinh vi phan chuyén dong ciia co hé. Cho biét
ban dau ong try ding yén va vién bi c6 van toc ban dau bang

khong. ;/E
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Bai 63. Mot may diéu tiét ly tim dung
16 xo gém co hai vat nang A va B
trong lwong moi vat bang P, co thé
truot trén céc truc nhin nam ngang
gan cimg vao truc quay ctia may. Ddi
trong C co trong lugng O (moémen
quan tinh khdi khong déng ké) duoc
nbi voi cac vat A va B bang cac thanh
cung nhe, c6 d6 dai 1a /. Khoang cach
tir ban 1& ndi thanh vao ddi trong C
dén duong tm truc may bang e. Cac
16 xo dung day hodc kéo cac vat ning
vé vi tri can bang tinh co do cing c.
Viét phuong trinh vi phan chuyén
dong ctia may khi truc may chiu tac
dung mot ngéu luc ¢c6 mémen M. Bo

qua khdi luong cac thanh ndi, khdi lugng cac 16 xo va ma st tai cac 6 truc. Cho
biet khi thanh nghiéng vdi duong thang ding mdt goc ¢x thi 10 xo khong lam viéc.

Bai 64. M6 hinh ciia mdt thang may dugc cho trén hinh. Cac vat 1 va 2 ¢o khbi
luwong 1an luot 1a m; va ms duogc budce vao cac dau ciia mot sgi cap. Soi cap vat qua
rong roc 3. Rong roc 1a dia ddng chét ¢ ban kinh 7, khdi lugng m va chiu tac dung
ngau luc c6 mémen M. Cac 10 xo c6 d6 cing nhu nhau va bang c. Bo tit chén c6
hé s6 can b. Bo qua hién tugng trugt giita soi cap va rong roc. Hé bat dau chuyén
dong tir vi tri 10 xo khong bi bién dang. Hay viét phuong trinh vi phan chuyén dong

cua co hé.

Hinh bai 64
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Bai 65. Mot tay may gom tru quay 1, thiét bi dung dé tao chuyén dong tinh tién
theo phuong dimg 2, tay v6i va ban kep 3. Mémen quan tinh cua tru quay ddi voi
truc tAm cua né bang J, khéi luong cta khau 2 bang m, con mémen quén tinh cua
n6 d6i véi truc quay bang Jo. Tay quay cing voi ban kep c6 khéi luong ms con
momen quan tinh cia né d6i véi truc di qua khéi tdm bang J; va khoang cach tir
khéi tam dén truc quay bang p. Tac dung ngau luc c6 mémen M 1én truc quay. Cac
truyén dong tinh tién duge thuc hién nhd cac luc Fia va Fas. Bo qua ma sat.

Viét phuong trinh vi phan chuyén dong clia tay may.

Bai 66. Mot tay may gom mot cot ding doc theo no chuyén dong tinh tién theo
phuong dting thanh d& 1. Thanh 2 ¢6 thé dich chuyén tinh tién ngang nho mot
khép tinh tién. Tay voi cing ban kep 3 c6 thé di chuyén tinh tién ddi voi thanh 2
nho khop tinh tién. Khoi 1u0’ng céc khau 1an luot 1a my, ma, va ms. Céc luc lam cho
cac thanh chuyén dong tinh tién tuong tng bang Foi, Fi» va Fa. Bo qua ma sat.
Viét phuong trinh vi phan chuyén dong clia tay may.

*******

Hinh bai 66 Hinh bai 67
Bai 67. Khi c6 van tc dau v,, vat nho c6 thé chuyén dong theo dudng cong cd
dinh, nhan tron, ban kinh R. Tim :
1) Van téc v, cua vat tai diém F trén duong cong. Tir d6 suy ra diéu kién dbi véi
v, dé: - vat dén B roi truot xuéng; - vat roi vao tim H; - vét roi vao tim E.
2) Khi vat roi vao tam E, hay xac dinh khoang cach L.

Bai 68. Mot xe ro modc ¢ khdi lwong 580 kg va c6 trong tam tai G, trong khi do
tang cubn day co khdi lugng 200 kg, trong tam dat tai O, ban kinh quan tinh doi
voi truc di qua O 1a ko = 0.45 m, tang cu6n quay khong ma sat quanh tryc di qua O.
Néu mot Iyc ngang 60 N tac dung vao mét dau day quén trén tang, hiy xac dinh
gia tdc goc cha tang cudn va gia toc cua ro modc. Cac banh xe c6 khoi lugng
khong dang ké va lan ty do.
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Hinh bai 68
Bai 69. Tru tron dong chat c6 khdi lugng m, ban kinh » duoc dat khong van toe
ban dau xuong 1 bang chuyén dang chuyén dong véi vén toc vi = const, hé sO ma
sat dong gitra bang chuyén va tru la /. Hay tim:
- Thoi gian # tir luc tiép xuc dén khi tru bat dau lan khong truot.

- Van tc tim try va van tbe gbc cua try tai thoi diém ¢, vira tim.
r

Hinh bai 69
Bai 70. bia A C(:) khdi 1u’gng m =4 kg, ban kinh r=90 mm, ¢ trang thai ﬁnh, duoc
dat khong vén toc ban dau xudng bang chuyén dang chuyén dong v6i van toc v =

15 m/s, hé s6 ma sat dong giira dia va bang chuyén 1a f= 0.25. Xac dinh s6 vong
quay duogc cua dia dén khi né dat duoc toc do khong doi.

Bai 71. Cho mot dia tron dong chat khdi lugng m ban kinh r c6 thé chuyén dong
lan khong trugt theo mét trong nham cua vanh tron khoi luong M, ban kinh R.
Vanh tron quay quanh dudng kinh thang dung cua né dudi tac dung cua momen
quay L.
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Hinh bai 70

1. Thiét 1ap phuong trinh vi phan chuyén dong cua
hé.

2. Gia sir vanh quay véi van toc goc khong ddi Wy -
Hay xac dinh vi tri can bang cta dia.

3. Tim quy luat dao dong bé cua dia quanh vi tri can
bang tuong d6i khi cho dia 1éch khoéi vi tri d6 mét
goc ¢, va tha ra khong van toc dau.

Bai 72. Try dic dong chét ban kinh 7,, khéi luong

m, €O thé 1an khong truot bén trong vanh tron dong

3 . , R
chat c6 khoi lugng m, , ban kinh 7, va vanh nay lai Hinh bai 71

c6 thé lan khong truot bén trong mit tru rong cd

dinh ban kinh R (Cho R > 1, > r,). B6 qua ma sat lan.

Thiét 1ap phuong trinh vi phan chuyén dong ciia co hé theo cac toa do suy rong
Py Py

Bai 73. Cho try tron ddc tm O, ban kinh 7, c6 dinh. Mot vanh tron ddng cht tam
C ban kinh r,, khéi luong m, chuyén dong bam vao duong bién cua tru O va trong
quéa trinh d6 khéng co sy trugt twong dbi giita vanh véi tru. Mot ngau luc co
moémen M tac dung vao vanh. Bam vao bén trong vanh va chuyén dong tuong doi
so voi vanh 12 mot chat diém A c6 khdi lwong m,, . B6 qua stc can khong khi, coi
ma sat giira chat diém A va vanh 1a khong dang ké
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Hinh bai 72

1) Thiét l1ap phuong trinh vi phan
chuyén dong cua co hé theo hai toa do
suy 1ong ¢ va 6 (ching lan luogt 1a goc
dinh vi ciia OC va CA so v6i phuong Oy
nhu hinh v§).

2) Tai thoi diém dau ¢ =0, tam C cua
vanh va chat diém A déu o cac vi tri
thip nhit. Cho M = M ,coswt  voi
M, w lacéac héng sd, tim dao dong nho
cua co hé.’ ]
3) Cho biet M = 0. Gia st tai thoi diém
dau t = 0, cho goc v =1, va C nim &
bén phai truc Oy con A ndm & vi tri thap
nhat, hé s0 ma sat truot tinh giira try O

Y

, Hinh bai 73

va vanh la g . Tim khoang gia tri cta ¢, dé dam bao khong co su truot twong ddi

gitra vanh voi try.
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Bai 74. Thanh AB dong
chat c¢6 khéi lugng m,
chidu dai 2L, ddu A chiu
tac dung Iwc F theo
phuong ngang trugt khong
ma sat trén nén ngang va
tua lép con ’lén dang tru
tron dong chat, ban kinh R
va khéi luong m,. Gia

thiét giita con lan va mat Hinh bai 74

ngang va gita con lan va

thanh AB khong c6 hién tugng trugt. Chon cac toa do suy rong 1a u va goc
nghiéng 6 gitta thanh va phuong ngang

1) Tinh ma tran quan tinh cia hé

2) Tinh céc lyc suy rong trng véi cac toa do suy rong da dugc chon

3) Viét phuong trinh vi phan chuyén dong cua co hé tng véi cac toa do suy rong di
chon

Bai 75. Mot dia tron ¢6 ban kinh
R, khéi lwong m,, khéi tam tai
C, cach tam hinh hoc I mot doan
e (do 1éch tam), ban kinh quan
tinh khdi dbi v6i khéi tam 1a p,
lan khong truot trén thanh dong
chat OA c6 chiéu dai 2L va c6
thé quay khéng ma sit quanh
truc O. TAm cia dia lién két véi
thanh AB bang 10 xo tuyén tinh Hinh bai 75
¢6 d6 cimg c. Ban dau thanh OA '
nam ngang va 16 xo khong bi bién dang. Thanh OA
chiu tac dung ngﬁu lyc M. Chon céc toa d6 suy rong
la ¢ va uw. Xac ma tran quan tinh ctia co hé theo

cac toa do suy rong @, u va tinh cac luc suy rong
ung voi cac toa do suy rong.

Bai 76. Cho mot may nghién ¢ so d6 nhu hinh va.
Banh nghién 1a mot dia tron dong chat tdm A, ban

kinh 7, khdi luong m, lan khong truot bén trong .
vanh tron tim O, ban kinh R ¢6 dinh trong mat Hinh bai 76
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phing dung. Tay quay OA la mot thanh dong chét c6 khoi lugng m , lién két véi
nén boi 10 xo tuyén tinh c6 hé s cimg ¢, chiu taic dung ngiu luc
M = M,(t) — a¢, trong d6 M, (t) 1a ham da cho cua thoi gian, o 1a hing s da
cho, ¢ 1a goc dinh vi cua tay quay OA so vdi phuong dirng. Ban dau tay quay OA
nam yén & vi tri thang dimg va 16 xo khong chiu bién dang ((0) = 0)

1) Xac dinh gia téc goc ciia banh nghién.

2) Xét truong hop M, (t) = M, sinQt ,trong d6 M, 1a hing s6 da cho va tay
quay OA dao dong bé quanh vi tri can bang thang dimg.

Bai 77. Khao sat chuyén dong ctia 6 to dang mo
hinh phang nhu hinh v€. Hom 6 t6 c6 khoi lugng

m, trong tdm C céach tryc cua 2 banh xe cac

|
doan e ,e,. Banh sau chiu tac dung ngau lyc co i '_F_
md men M = M —kw, trong d6 M,k la cac 63_
hing s6 di cho, w 1a van tdc géc banh sau. L
T}n‘mg xe chiu tac dung lu?(:, can F = —bi ,bla €2
hang s6 da cho, v 1a vén toc cua thung xe. Xem Hinh bai 77

cac banh xe la cac dia tron déng chéat, mdi banh c6 khoi lugng m , ban kinh r va
chuyén dong lan khéng trugt theo phwong ngang. Bé qua ma st lan.

1) Tinh gia tdc cua thung xe.

2) Tinh van toc cta xe khi xe chay déu. Ban du xe dung yén

Bai 78. Mot mdy dam nhu hinh v&.
Théan cua may dam c6 khoi lugng

m, . Hai qua vang 1a nhiing dia tron

d(:”)ng chat, khéi lugng mdi qua ving
bang m, ban kinh r, c6 d6 1éch
ttmOC, = 0,C, = e,

O =0,I = a, mbmen quan tinh
dbi voi truc quay bang J. Nén dam
duoc xem la dan hoi tuyén tinh cé
hé s0 cung ¢ va co6 dj can tuyen
tinh vdi luc can F(’: = —bv trong do
hang sb b da cho, ¥ 1a van toc cua
ban dam. Chon cac toa do suy rong
la x va ¢, trong d6 = xac dinh vi Hinh bai 78
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tri cta ban dam dugc ké tir vi tri can bang tinh, ¢ la goc xac dinh vi tri cua O,C|
va O,C, so v6i phuong dung. Hai qua viang quay nguoc chicu dudi tic dung céac
ngﬁulucM:M0 —kw; w=¢

Ban dau hé ding yén, C, vaC, nim trén duong thang ding qua O, va O, tuong

g (¢(0) = 0).

1) Viét phuong trinh vi phan chuyén dong cua co hé.

2) Xét truong hop khi cac qua ving quay déu véi van tée goc 0, xac dinh chuyén
dong cua ban rung.

X

[2aoomey |

Bai 79. Thanh thang
dugc gin cing véi
banh rang 1 ban kinh
R chuyén dong tinh
tién ngang. Thanh va
banh rang 1 nam
trong mat phang
thépg ding va co
khoi luong  tong Hinh bai 79
cong bang m, . Banh

rang 2 c6 ban kinh

r, khi luong m,

an khop ngoai véi banh rang 1 va duoc lién két
voi banh rang 1 nho tay quay O0,. Tay quay
khoéng khéi lwong ndi tAm hai banh ring va quay
khong ma sat quanh truc nam ngang di qua 0,.
Banh rang 2 lan khong trugt trén banh rang 1. Coi
banh rang 2 1a dia tron dong chat. Thanh ngang
choi tac dung cia lyc F = F, cosQt. Thiét lap Hinh bai 80

phuong trinh chuyén dong theo céc toa do suy rong = va ¢ . Tai thoi diém ban dau
©(0) = 0,4(0) = 0. Tim phuong trinh dao ddng bé cua tay quay.

Bai 80. Hinh try dong chét trong luong Py duge quan bing soi diy mém nhe khong
dan vét qua rong roc O va budc vao vat A trong lugng P>. Vat A trugt trén mat
phang ngang khong nhin c6 hé sb ma sat gitta nd v6i mat ngang 1a f. Tim gia tdc
ctia vt A va gia tc tdm C cua hinh try. Bé qua khéi luong ctia rong roc O.
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Bai 81. Tru dac déng chit ban kinh
r dang quay voi van tde goc w,

duoc dat vao chan cua mat phéng
nghiéng véi goc nghiéng o . Khéi  Hinh bai 81
try bit ddu lan 1én doc. Gia thiét hé
s6 ma sat truot gitta try va mat
nghiéng khong d6i va bang f , bo qua

ma sat lan. Xac dinh:
a) Gia tde a, cua tam try khi vira ldn vira trugt.

b) Khoang thoi gian ¢ tir khi chuyén dong dén khi try lan khong truot.
¢) Bo cao A, tdm try dat dugc trong thoi gian ¢ nay.

d) Gia téc a, cua tdm try khi n6 1an khong trugt.

e) Tong do cao tam tru dat dugc dén khi n6 dung lai.

Bai 82. Cho co hé gdm
thanh dong chat 1 c6 khéi
lugng ml, kich thudc cho
trén hinh v&, vat 2 c6 khéi
lugng m2, lién két v6i nhau
nho cac 10 xo ¢l va ¢2. Hay
thiét 1ap phwong trinh vi
phan chuyén dong cia co
hé.

Ci

._
b
B NANAANANE—L

N \NANANNAA —5
[\

Hinh bai 82

Bai 83. Cho Co hé nhu hinh vé,
trong d6 vat 1 co khoi lwong ml,
vat 2 co khdi lwong m2, cic con
trugt co khdi lwong khong dang ké.
Hé chiu céc lién két nhu hinh vé.
Hay thiét 1ap phuong trinh vi phan
chuyén dong cua co hé.

Hinh bai 83
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Bai 84. Vat ning A co trong lugng W = 400 N duoc nang 1én bang dong co M va
hé thong rong roc nhu hinh v&. Néu vén tdc cia diém B trén cap ting dan déu tir 0
dén 10 m/s trong thoi gian t = 5 s, hdy xac dinh lyc cing trong cap tai B trong tng
v6i chuyén dong do. Bo qua khéi lwong ciia rong roc va day.

SA4

Hinh bai 84

Bai 85. Cho co ciu bon khau chuyén dong trong mat ding nhu hinh v&. Thanh AB
va CD c¢6 cung chidu dai a, va cing khdi luong m;. Thanh BD c¢6 chiéu dai 1,5a va
khéi lwong ma. Khi goc 6 = 0, thanh AB dang dat van téc goc .. Tai cing thoi
diém do, co ngéu lyc M = const tac dong 1€n thanh CD.
a) Tinh véan tc goc thanh AB khi 6 = /2.
b) Tinh toan s cau a) voi mi=6 kg, m»=20 kg, ©.=2 rad/s, a=1 m va M = 30
Nm, g = 9.81 m/s”.

i 1.5a
E\f)w

£ &

Hinh bai 85 Hinh bai 86

Bai 86. Cho co cdu tay quay con trugt chuyén dong trong mit phang dung nhu
hinh v&. Tay quay OA va thanh truyén AB 1a nhimng thanh dong chat tiét dién
khong ddi, c6 khoi luong va chiéu dai tuong ung la m,r va 2m,l. Con trugt B co

khéi lugng m . Khi goc @ = 0, thanh OA dang dat van tdc goc ¢ = @, > 0. Tai ciing
thoi diém do6, c6 ngiu luc M = const tic dong 1én thanh OA. Hay tinh van toc goc
thanh OA khi ¢ = /2 va khi ¢ = 3m/2.
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Bai 87. Hé thong rong roc gdm 2 dia tron 1 va 2 ¢6 khdi lugng va mé men quan
tinh khoi ddi voi truc qua tim tuwong tng 1a m,,J, , k=12.Dial hai tang co cac
ban kinh 1én R va ban kinh nho r quay quanh truc ngang cb dinh. Pia 2 c6 ban
kinh la 7,, (2r, = R+ r ). M4t ddy mém khong gian vat qua rong roc 2, c6 hai dau
cudn vao dia 1. Biét rang khong xay ra trugt gitra day va cac dia. Hay xac dinh gia
toc goc dia 1, gia toc tdm dia 2 khi c6 mé men M tac dung 1én dia 1. HE chuyén
dong tur trang thai tinh.

T
2
7’3
m 3
m4
Hinh bai 87 Hinh bai 88

Bai 88. Hé thong rong roc gdm 3 dia tron 1, 2 va 3 ¢6 khdi lugng va mé men quan
tinh khdi d6i voi truc qua tAm twong tmg 1a m,,J, , k=123 Dial hai tang co cac
ban kinh 16n R va ban kinh nhé 7 quay quanh truc ngang ¢ dinh. Céc dia 2 va 3
c6 cac ban kinh twong tmg la 7, va r,, (2r, +r, = R +r). Mot diy mém khong gian
bat dau tir tdm dia 2 vat qua rong roc 3, qua vong trong dia 1, qua dia 2 sau d6 cuon
vao vong ngoai dia 1. Biét rang khong xay ra truot gitra ddy va cac dia. Hay xac
dinh gia toc goc dia 1, gia toc cac tdm dia 2 va 3 khi c6 mé men M tac dung lén dia
1. H¢ chuyén dong tir trang thai tinh.
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Bai 89. Vat nang co khoi lugng m = 100 kg dugc tha roi tu do tir do cao 0.75 m
tinh tir dinh 160 xo A c¢6 d6 ctng ks = 15 kN/m. Néu 10 xo B ¢6 d6 ctng ks = 15
kN/m, dit trong long 10 xo A, hdy xac dinh d6 nén 16n nhét cua 10 xo A. Chiéu dai
tu nhién cua céac 10 xo twong tmg la [, =0.5, [, =0.3 m. B6 qua khdi Iugng 16
XO.

Luuy: co thé ca hai hodc chi mot 10 xo chiu nén.

Bai 90. M6 hinh thang may nhu trén hinh, cabin E va hang héa né c¢6 tong khdi
luong 400 kg. Ddi trong C khdi lwong 60 kg. Néu dong co c¢6 hiéu suit &= 0.6,
hdy xéac dinh cong suat phai cung cp cho dong co khi thang may duoc nang 1én
v6i toe do khong doi ve = 4 mys.

-

'z
Hinh bai 89 Hinh bai 90

Bai 91. Cabin thang may E co khdi lugng 1,80 Mg va ddi trong C c6 khdi luong
2,30 Mg. Mot dong co quay truyén 1én puli A mé men M = 0.060> + 7.5 Nm, goc
quay 0 cta puli A tinh balmg~ radian. Xac dinh t(’)c’d(} cua thang may khi n6 da di 1én
12 m tir trang thai tinh. Moi puli A va B ¢6 khoi luong 150 kg va ban kinh quan
tinh £ = 0,2 m. B6 qua khoi lugng cta cap va gia st cap khong truot trén cac puli.

Bai 92. Puli c6 khdi lugng 100 kg va ban kinh quén tinh ko = 0,2 m. Mot dong co
cung cip moé men xoan M =406 +900 Nm lén puli, goc quay ciia puli 0 tinh bang
radian. Xac dinh tbe do cua xe, khdi lugng 300 kg, sau khi n6 di dugc s =4 m. Ban
dau xe & trang thai nghi khi s = 0 va 6 = 0. Bé qua khéi luong cta cap va khdi
lugng cia cac banh xe.
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Hinh bai 92
Hinh bai 91

Bai 93. Khdi thép co khdi luong 1800 kg di chuyén ngang theo bing tai véi toe do

v = 10,5 m/s khi va cham v&i cum hai 10 xo 16ng nhau. Néu do cung cua 1o xo ngoai

1a ka = 5 kN/m, hiy xac dinh d¢ ctng ks can thiét ciia 10 xo bén trong dé chuyén

dong ctia khoi thép dimg lai khi n6 cach tuong 0,3 m.

- 0.5m ‘—-1
- 0.45 m
ke ky=5 kN/m v=0.5m/s

Hinh bai 93

Bai 94. Vat nang c6 khéi lwong 20 kg va duoc tha khong vén téc dau khis = 0,5 m.
Neéu bo qua khoi Iuwgng cac tam do A va B, hdy xac dinh bién dang t6i da cua moi
10 xo do va cham.
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L— &, = 500 N/m

e kg = 800 N/m

Hinh bai 94 Hinh bai 95

Bai 95. Vit A c6 khdi lugng 3 kg va vat B ¢ khdi lugng 5 kg. Néu hé duogc tha
chuyén dong tur trang thai tinh, hay xac dinh van toc ciia moi vat sau khoang thoi
gian t = 4 s. Bo qua khoi lugng cia rong roc va cap.

Bai 96. Vit nang 50 kg duogc kéo 1én trén mat nghiéng nho st dung cap va dong
co. Hé sb ma sat dong giira vat va mit nghiéng la u, =0.4. Néu ban dau vat c6
van tdc vo = 2m/s hudng 1én, va tai thoi diém nay (¢ = 0), dong co tao lyc cing day
T =300+120+/¢ N, trong d6 £ tinh bang gidy, xac dinh van tdc clia vat khi £ = 2s.

Hinh bai 96

Bai 97. Hai vt A va B mdi vat c6 khéi lugng 400 g. Cac khdi duge ¢6 dinh vao
cac thanh ngang va vén toc ban dau cua ching la 2 m/s. Néu ngau luc M = 0,6 Nm
tac dung 1én truc CD cua khung, hay xac dinh toc do cua cac vat khi ¢t = 3 s. Khoi

127



luong cua khung khong dang ké va n6 quay khong ma sat. Bo qua kich thudc cua
cac vat.

Bai 98. Puli hai ting c6 cac ban kinh nhu trén hinh, khbi luong 15 kg va ban kinh
quan tinh ddi vé6i truc quay ko = 110 mm. Néu vat A c¢6 khéi luong 40 kg va thing
B cung tai c6 khdi luong 85 kg, hiy x4c dinh van tdc cua thung B khi 7 = 3 gidy sau
khi tha hé chuyén dong tir trang thai tinh.

Hinh bai 98

Hinh bai 97

Bai 99. Trén modt xa lan A khéi lugng M c6 mot 6t6 khoi luong m chuyén dong
theo qui luat s(t) = s, + b(at +e* —1).
1) B& qua lyc can ctia nudce 1én xa lan, hay xac dinh van tdc ctia xa lan v N (t) .
2) Néu xa lan dugc giit ¢d dinh bang mot ddy neo nim ngang, hiy xac dinh
lyc cang day neo.

5(1)
)

\J
,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,, A

Hinh bai 99
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Bai 100. Truc CD c6 md men quan tinh khdi 12 J ¢6 thé quay khong mé sat quanh
tryc thang dung. Thanh ddng chat AB c6 chiéu dai 4/, khdi lugng m, dau B 1ap ban
kep ¢6 khéi lugng M (coi nhu chit diém). Thoi diém ban ddu AO = OB = 2/, truc
CD quay v&i vén téc goc @, . Hay tim: (a) van tdc goc , cua tryc nay khi ban kep
v6i ra duge mét doan 1a /; (b) van tbc goc , cua truc nay khi ban kep véi ra duoc
mot doan 1a / va AB nghiéng mét goc « .

Dk > nf

P P
) 1’£ Hinh bai 100 ‘ i*i

Bai 101. Cho mo hinh robot phing hai khau nim trong mit phing thang ding nhu
hinh v&. Cho biét: khéi luong cac khau mi, ma, md men quan tinh ddi voi truc
vudng goc mit phing hinh v& di qua cac khéi tim C;, C, twong tng 1a 1,,1,. Céc
lwc dan dong: nglu luc u; tic dung 1én khau 1 va luc us do khau 1 ddy khau 2. Cac
kich thuéc cho trén hinh vé.

T
N
L1

n L.

-

‘N
L_J\‘

Ap dung phuong trinh Lagrange loai 2, thiét 1ap phuong trinh vi phan chuyén dong
cua robot.

Bai 102. Tay may hai bac ty do chuyén dong trong mit phing thing dung. Khau 1
chiéu dai OA = I;, khéi tam C, OC; = a;, khdi lugng m;, mé men quan tinh d6i véi
truc qua khoi tdm 1a Ji. Khau 2 chiéu dai AB = b, khéi tim Ca, AC; = a», khéi
lwong m,, mdé men quan tinh d6i véi truc qua khéi tam 1a J». Pong co 1 gin lién véi
gia ¢6 dinh tao ra md men u; tac dung 1én khau 1, dong co 2 gén lién voi khau 1 tao
ra mo men u; tac dung lén khau 1. Piém cudi B chiu luc nhu hinh v&.

Ap dung phuong trinh Lagrange loai 2, thiét 14p phuong trinh vi phan chuyén dong
cua robot.
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Hinh bai 101 Hinh bai 102

Bai 103. M6 hinh co hoc cta tay may phing hai bac tw do gom khau 1 tinh tién
theo phuong ngang, khau hai nbi v6i khau 1 bang khép quay A — truc khép nim
ngang, khoang cach C;A = d. Khau 1 c¢6 khéi luong m; truot khong ma sat trén nén
ngang dudi tac dung cua luc ngang u;. Khiu 2 c¢6 khdi lwong ma, khéi tim Cs,
khoang cach AC; = 2, md men quéan tinh khdi ddi véi truc ngang qua C, 1a Jeo.
Tai khép quay A ¢c6 mo men (ndi luc) u, tac dung. Chon toa do suy rong cho tay
may 1a q,q,. Ap dung phuong trinh Lagrange loai 2, thiét 1ap phwong trinh vi

phan chuyén dong cta robot.

oL O =
" mi

uz

Hinh bai 103
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Bai 104. Cho co c4u robot phang dang chudi ho chuyen dong trong mat phing dung
nhu trén hinh v&. Coi cac khéu la nhimg thanh manh ddng chat khoi luong my, chiéu
dai /;, mdé men quan tinh ddi v6i khdi tim Joi, (k = 1, 2). Lyc/ mé men dan dong 1a
u; va uz (uz 1a ndi lyc). Cac toa do suy rong (bién kh(')’p) duoc chi ra nhu trén hinh.
Ap dung phuong trinh Lagrange loai 2, thiét 1ap phuong trinh vi phan chuyén dong
cua robot.

Hinh bai 104 Hinh bai 105

Bai 105. Cho co c4u robot phang dang chudi ho chuyen dong trong mat phang dung
nhu trén hinh v&. Coi cac khéu la nhimg thanh manh ddng chat khoi luong my, chiéu
dai /;, mdé men quan tinh ddi v6i khdi tim Joi, (k = 1, 2). Lyc/ mé men dan dong 1a
u; va uz (uz 1a ndi lyc). Cac toa do suy rong (bién kh(')’p) duoc chi ra nhu trén hinh.
Ap dung phuong trinh Lagrange loai 2, thiét 1ap phuong trinh vi phan chuyén dong
cua robot.

Bai 106. M6 hinh tay may phing 2 bac tu do chuyén dong trong mat phéng dung
duoc cho nhu trén hinh v&. Cac khau 1 va 2 duoc coi la thanh dé{lg chat ¢6 khoi
lugng va chi€u dai twong Ung 1a mi, 5, va my, L. Luc/m6 men dan dong tai cac
khO‘p lé U va uj.

a) Xac dinh biéu thirc dong ning, thé ning hé, va lyc suy rong.

b) Sir dung phuong trinh Lagrange 2 thiét 1ap PTVP CD cho hé.
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Hinh bai 106

Bai 107. M6 hinh % xe khi xét dao dong theo phuong ding cia 6 to nhu trén hinh.
Cac théng so cua hé gom khoi lwong, dé cting 16 xo0, can nhdt dugce cho trén hinh.
Hé ¢ vi tri cAn bang tinh khi z =z =z =0.Hay thiét 1ap phuong trinh vi phan
chuyén dong ctia hé theo hai toa do suy rong z, va z. Biét ré“xng xe chuyén dong
ngang véi van toc khong doi, nhap nhd mit dudng hinh sin, 2 = u, sin(2zz / L). L
1a budc song ciia nhap nhé mat duong. Mot dong co tao luc F, tac dong qua lai
gilta m, va m;.

Hinh bai 107

Bai 108. M6 hinh hé thong nang din dong bang dong co véi cac thong sé nhu trén
hinh v€. Khoi lugng day cap khong dang ké. Ro6 to cia dong co c6 md men quan
tinh khoi J,, va chiu tac dung cua moé men M. Biét: [y — chi¢u dai tu nhién cua 10 xo.
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Sd rang, m6 men quan tinh khdi, va khoi luong céac vat dugc cho trén hinh. Chon
toa do suy rong du cho hé 1a (¢, y), @1a goc quay cua tang cudn cap. Hay thiét 1ap
phuong trinh vi phan chuyén dong cho hé.

Z4, Ja \TL

& ([Tt

Hinh bai 108 m | X E

Bai 109. M6 hinh hé théng nang dan dong bang dong co dién véi cac thong sé nhur
trén hinh v&. Bé qua ma sat, day cap khong khdi luong va khong gian. Chiéu dai tu
nhién cua 16 xo 1a fp. Ro to cua dong co ¢6 md men quan tinh khéi J,, va chiu tac
dung cta md men M. Chon toa do suy rong cho hé 1a (¢, y). Hay thiét 1ap phuong
trinh vi phan chuyén dong cho hé.

R2

A
1
k L‘Jb—-o
y
Hinh bai 109 mE X E

Bai 110. M6 hinh thang may din dong bang dong co dién véi cac thong sb nhu
trén hinh v&. B6 qua ma sat, cap khong khoi lugng va khong truot trén puli. R6 to
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ctia dong co c6 md men quan tinh khdi J,, va chiu tac dung cia mdé men M. Chiéu
dai ty nhién cua 16 xo 1a /. S6 ring, md men quén tinh khéi, va khdi luong cac vat
duoc cho trén hinh. Chon toa d6 suy rong cho hé 1a (¢, y). Hay thiét 1ap phuong
trinh vi phan chuyén dong cho hé.

Hinh bai 110 X me

Bai 111. Con lic ngugc quay gom tay quay OA quay quanh truc dimg (goc quay 0)

— duoc dan dong bang dong co thong qua bd truyén giam tdc banh ring. R6 to cia
dong co c6 md men quan tinh khdi J,, va chiu tac dung cia mé men M. Bo truyén
coty so truyén la r> 1, r = 9m / 0 > 1, khdi lugng khong dang ké. Tay quay co
chiéu dai OA =1/, va c6 md men quén tinh khoi d6i véi truc quay z1a J, . Phan con
lac AB coi nhu thanh manh khong khoi lugng chiu dai I, dau B ¢6 gan khoi lugng
m, coi nhu chat diém. Thiét 1ap phuong trinh vi phan chuyén dong cho hé véi cac
toa do suy rong: 6, ¢ .

A

Hinh bai 111
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Bai 112. M6 hinh thi nghiém on dinh hoa con lac ngugc cho trén hinh vé. H¢ g6m
dong co dién, hop giam toc, b truyen dai, xe chay va con lac. R6 to dong co cé md
men quéan tinh khéi 13 J ., va chiu tac dung cua mé men M. Hop giam tbc mot cap
V6i ty s6 truyén 7 = r, / 1, md men quan tinh cic banh ring twong tmg la J,,J,.
B6 truyén dai gdm hai banh dai nhu nhau (mdi banh dai duoc coi nhu dia dong
chat c6 khdi lugng va ban kinh 1a m,,T, ), ddy dai c6 khdi lugng tong cong 1a m ;
(coi nhu khong gidn, khong truot ddi v6i banh dai). Xe chay A c6 khéi lwong m,,
va con ldc c6 khéi lugng m, , khéi thm tai C, [, = AC', md men quan tinh khéi doi
voi tryc qua C 1a J, . BO qua ma sat. Thiét 1ap phwong trinh vi phan chuyén dong
cho hé voi cac toa d6 suy rong: x,6.

ri, J1

2,1 Hinh bai 112

Bai 113. H¢ hai khdi luong chuyén dong trong mat dimg nhu trén hinh. Vat 1 truot
trong ranh dung, thanh AB khong khéi lugng chiéu dai /, ndi ban 1& tron nhén véi
vat 1. Vat 2 coi nhu chit diém. Bo qua ma sat. Thiét 1ap phuong trinh vi phan
chuyén dong cho h¢ véi cac toa do suy rong: z,¢. Biét réng hé & trang thai can

bang tinh khi x =0, ¢ = 0.

Bai 114. Hé hai khdi lugng chuyén dong trong mit dtng nhu trén hinh. Vat 1 truogt
trén duong ngang, cac thanh treo vat 2 khong khdi lugng cung chiu dai /, ndi ban
1& tron nhin voi hai vét tao thanh hinh binh hanh. Bé qua ma sat. Thiét 1ap phuong
trinh vi phan chuyén dong cho hé véi cac toa do suy rong: z,¢. Biét ring hé &

trang thai cAn bang tinh khi x =0, ¢ = 0.

135


Admin
Highlight

Admin
Highlight


m; T | FO
k> >
A@ T}
b OQ\ @) A\
)
/ )
@ my _ﬁv m
B 2
Hinh bai 113 Hinh bai 114

Bai 115. Hé chuyén dong trong mit ding nhu trén hinh. VAt 1 truot trén dudng
ngang, cac thanh treo vat 2 ¢6 cung khéi lwong m va cung chiéu dai /, ndi ban 1&
tron nhan vai hai vat tao thanh hinh binh hanh. B6 qua ma sat. Thiét lap phuong
trinh vi phan chuyén dong cho hé véi cac toa do suy rong: z,¢. Biét ring hé &

trang thai can bang tinh khi x =0, ¢ = 0.

X
k
- F()
| —»
I+ . 5
b TN\ \
[, m [ m
) m;
O O
Hinh bai 115

Bai 116. Con lin C 1a mot dia dong chit c6
khdi lwong my, ban kinh r, lan khéng truot
trén thanh AB ,c6 hai diém cudi truot khong
ma sat bén trong vanh tron ban kinh
R.Thanh AB ddng chét, c6 chiéu dai L, khéi
luong my. Viét phwong trinh vi phan chuyén
dong cua co hé.

136


Admin
Highlight

Admin
Highlight


Bai 117. Co hé gdm vat A co khbi
lugng mi, kéo mot dia tron ,B ,ban kinh
r,dong chat,khdi lwong m. Gitra hai vat
A va B lién két bang 16 xo tuyén tinh
c6 khéi lugng my. Co hé dugce chuyén
dong cua qua vang c6 khéi luong m,véi
do 1éch tam e,quay déu véi van tdc.
Tinh biéu thirc dong ning ctia co hé va
cac lyc suy rong

qua cac toa do suy rong la toa do khdi
tam cta hai vat A va B. Viét phuong
trinh vi phan chuyén dong cta co hé?

Bai 118. Cho co hé gém nta dia tron, ban
kinh R, khéi lugng my,lién két v6i thanh dong
chat 0,A, c6 chiéu dai 1, khéi lwong m,, diém
cudi thanh c6 gan khdi lugng m (dugc xem 1a
chat diém). Pia chiu tac dung mdé mén can
M, = —bp,

Viét phuong trinh chuyén dong cia co hé.

Bai 119. Thanh AB déng chét, c6 khéi lugng my,
chidu dai L=1/2 , trong d6 1 1a chiéu dai cia cac
thanh OA=OB, la nhfmg thanh manh, cling va bo
qua khoi lugng, chuyén dong quanh truc O véi
goc ¢ la goc giwa duong vudng goc OC; voi

duong thang dung, Ci la khéi tdm cua thanh AB.
bia tron ban kinh r, dong chat, khf)i lugng my lan
khong trugt trén thanh AB. Tam OAB quay
khong ma sat quanh truc O duéi tac dung cua ngau lyc M = M o — oy M b 1a
nhiing hang sd. Viét phuong trinh vi phan chuyén dong cta co hé

Bai 120. Ling kinh C di chuyén theo phuong ngang day thanh AB di chuyén theo

phuong ding nho con lan c6 ban kinh r lan khong truot trén mat phang nghiéng
cua lang kinh. Cho biét khoi lugng ciia lang kinh C, con lan A va thanh AB tuong
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g bang my,my,m; Ling kinh chiu tac dung luc F, theo phuong ngang, thanh AB
chiu tac dung luc F, theo phuong dtng huéng xudng
Tinh biéu thirc dong ning va lyc suy rong theo toa do suy rong x va van toc x

Viét phuong trinh chuyén dong cua ling kinh C va xac dinh phan lyc giita con lin
va lang kinh C

o

#
]
%

—
AN

Bai 121. Mo hinh xe ty thing bang hai banh  y
chay trén dudng thang nhu hinh v€. Moi banh xe
¢6 khoi luong m;, moment quan tinh doi voi truc
quay 1a dugc coi la J, ban kinh la R. Than xe c6
khoi lugng m,, khéi tim C, véi OC, =1.
Moment quan tinh cta than xe d6i voi tim C, la
J, . Than xe duoc nbi voi banh bang bang 18 tru
O. Moment can tai 6 truc O ti 1& tdc do gbc

tuong dbi giita than va banh xe M =bw .Xe @§ 7
chuyén dong nho dong co dién tao ra mémen M, = M e™ Ién truc hai banh xe.
Biét banh xe lan khong trugt. Thiét 1ap phwong trinh vi phan chuyén dong cho hé
theo hai toa do suy rong (m,ap). Xac dinh goc 1éch than xe dé xe chuyén dong
thang déu véi van tdc vo. Thiét 1ap phuong trinh vi phan chuyén dong cho hé khi
tinh dén can lan ciia mat duong M, =kw,
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B. Loi giai
Bai 2.
Co hé khao sat 1a con lan gén chit vao tang.
H¢ luc tac dung 1én co hé gém:

P,Q,N,F, .M,
Lap hé qui chiéu nhu hinh ve&. Phuong
trinh vi phan chuyén dong cua con lan
la:
mi, = F,—Q@Qsina—Psina (1)

my, = N —Qcosa—Pcosa  (2)

Jp=PR—-F,r—M, 3)
Y, =r =const, suyra j, =0
T (2)tacdé N = (P + Q)cosa = 3P cosa 4)
Tw(1)taco mi, =F, —3Psina (5)
Tu (3) tacod mrgb':P—%FC —% (6)

Diéu kién lan khong truot F,<[N,i,=rpdodo i, =rp. M, =kN.

T (4)taco M, = 3kPcosa. @)
Thay (7) vao (6) ta dugc
1 3kP cos
mrg=P——F, — ——. 8
¢ 5 e R (®)
\ \ , 1 . k cos
Tu (S)va(8)ratra F, = 2P(§ +sina — 7 ) 9
Tu (4) ta co fN =2Pcosa (10)
So sanh diéu kién 1an khong truot, tir (9) va (10) ta c¢6
2P(é +sina — kcosa) < 2P cos«
ha (l—i—ﬁ)cosoz—smoz>l (11)
Y R 3
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1

bat tanH—l—i—%, suy ra cos ) =

Thay vao (11) ta dugc tanfcosa —sina > 1

3
1 R
3J(R+Ek)? +R

hay sin(d —«) > %cos@ =

R

Tudosuyra 0 <o <6 — arcsin(l
(R+k) + R

Bai 3.
Ot6 chuyén dong cham dan déu véi gia tdc a.

Khi do mz—th + vt +z,
2

van tbe v=at+, Y jf

Khi xe dirng han lai thi van téc v = 0

Jittg0 JR+ K + R

ta co s§=1x—u1,

2 2

< 7 r U() vg
Trdotaco s =— suyra a = —
2a 2s

. 2
a) Khi nuéc khong tran ta luén c6 tana = % =

Mit khac xét can bang clia mit thoang ta co :

Y
R

qt

F cosa—mgsina =0 dodd tana =
qt mg

v ) v
dodd tano =—-
2s 2gs

trong d6 F,, = —mi = ma =

, Rv’
Thay (2) vao (1) tacd y = —°
2gs

2
0

biéu kién nudc con chuatran 1la y < h dodo s > odh
g
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Rv’

Viy s =—2L,
'y min 2gh
b) Khidabiét s =s, <s tir(2)taciingco
2 2
R
tana = — -t frdo | = —0
2gs, 2R gs,

Gia sir try ¢6 d6 cao H, thé tich nudc liic ban dau va sau khi phanh 1a 7 R*(H — h)

va TR'(H—1)+mRl.
Thé tich nudc bi tran ra la
_ ’7'1'R2 (Rvé

2 gs,

—2h).

Bai 4.
1) Tinh gia toc va van toc khdi tim
C.

\a

Gia st con lan c6 chieu quay nhu

hinh v&, tirc 1a khdi tim C chuyén dong 1én theo hudng Ox, ta co

mi, = Fcos— Psina—F,
my, = N, + Fsinf3 — Pcosa
J ¢ =RF —rF

c
trong do
J, = mp*; P =mg; sé:%-
Thay cac dai lugng nay vao hé phuong trinh trén ta nhan dugc
mi, = Fcosf —Psina—F,,
0=N,+ Fsinf— Pcosa,

5
mpZE:RFA—TF.

Dé dang nhan duoc
R+ p’

7 )= RFcosf3— RPsina—1F,

mi,,(

141



[F(cos 8 — %) — mgsin o]

a,=1%,= R*, 1
ce m(R* + p°) "
[F(cos 3 — %) — mgsin q|
v, =T, = R*t. 2
© m(R* + p*) .

2) Khao sat chuyén dong cta khdi tim C theo thong sb p.
Vi con lan chuyén dong tir trang thai tinh nén dé con lan hay khéi tim C chuyén
dong 1én thi a_> 0, ta c6 diéu kién sau:

mgsin o

r
cosfp>——+ 3
g R 7 3
Nguoc lai dé khéi tim C chuyén dong xubng thi
r mg sin
cosfB < —+—— 4
b FR F )

Khi d6 van toc va gia toc khoi tim C van duoc xac dinh bang cac bicu thirc trén,
nhung c6 dau nguoc lai.

Va khi
mg sin «
cosff=—+—"—"— 5
b FR F ®)
thi khéi tam C dung yén, xc = const.
3) Tinh phan lyc tai A

Dé dang nhan duoc
N, =Pcosa—Fcosf3.

Pcos«

Dé cho lién két giir thi cos 3 < , P=mg.

Trudng hop khéi tim C chuyén dong 1én luc ma sat truot F,s tai A hudng xudng va
duoc xac dinh nhu sau:
R(RF, —1F)

2 b

P

mi, = Fcosf —Psina—F,, mi, =

R(RF, —rF)

2

p

Fcosf—Psina—F, =
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*(Fcos 3 — Psina) + RrF
p, [P (Feoss— Peina) + e -
R +p
Trudng hop khéi tim C chuyén dong xudng lyc ma sat truot F, tai A hudng 1én va
duoc xac dinh:
[p*(F cos 3 — Psina) + RrF]

F o= 8)
A R2+p2

. A: o n , A N rF . £ 2 oan A .
Khi khoi tdm C ding yén thi F| = 7 phén anh xu thé chuyén dong 1én cuia khoi
tam C. Két qua nay c6 thé suy ra tir cac biéu thirc x4c dinh F & trén khi

T mg sin
FR F
Hoic c6 thé suy ra tir phuong trinh

cos 3 =

_ _ F
J.p=rF+RF =0. Dodé F, =——

C

(10)

FA ¢6 chidu hudng xudng dudi phan dnh xu thé quay thudn kim ddng hd cia con

lan quanh tam van tdc tirc thoi, hodc quanh khéi tdm C cua no.

Bai 6.
1) Xét banh xe lan c6 trugt khong ?
Phuong trinh vi phan chuyén dong cua banh xe 1a

ff:F—@ (1)
. ;
Po—n_p )
g
J§ = RF, —rF 3)
Tir 2) taco N = P
DO dé F:itlﬂilx = 'ftN = 12N (a)

Gia thiét banh xe lan khong truot thi # = R$ va F =F"
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Tu (1) va (3) ta co:

(P/g)i=F—F, “4)
i.;ﬁ:RFé—TF, V(’YiJzEpZ.
R g

Giai h¢ phuong trinh nay ta co
2
o LB

— 152N . (b)
C 1+ RY)p

So sanh (a) va (b) taco F, > F.  suy ra banh xe lin co truot.
1) Xéc dinh gia toc tAm G cua banh xe va gia téc goc cta no.

Khi xe lan c6 trugt thi ) = fN =9N.

C max

Phuong trinh vi phan chuyén dong ctia banh xe c6 dang:

£é:':F—FCd; £p2gb:RFCd—rF.
9 9
F—F' 11 :
Hay i = Cg="—(m/s%);
y 5 9=/ )
. RE —rF 175, .
9020—292_—(82).
Pp 27
A . A A 5 I3 , . A . 11 2 \ , r \ 7
Vay gia toc tim G cua banh xe c6 tri s0 a,, :x:%(m/s ) va c6 hudng tir trai

sang phai.
175

o7 (s7%); va co chiéu nguoc chiéu

Gia tc goc cua banh xe co tri sb & = ‘go‘ =
duong cua o.

Bai 7.

1) Xé4c dinh vén tdc t6i han

ap dung dinh 1y bién thién dong ning.

-Dong ning ciahé¢ T =T +4T .

-2
T :Q,027 Tb — Js’;
ze 2g T c 2
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2
v

1 4Pp2)
g R 2

trong do6 v 1a vén toc cla xe.

Vay T=—(Q+ (1)

Luu y rang dong niang khdi tim
cua 4 banh xe da dugc dwa vao
dong nang cua xe, xe khoi dong
tur trang thai tinh nén To= 0.

- Cong cua cac luc tac dung 1én
co hé

+ Cong cua ngoai luc
dA° = —pv’d.

+ Cong ctiandi lue  dA' = M dep — AM dg; dip = ‘%

M, —4M
dA:dA8+dAZ:(#—uv)dx. (2)

Str dung dinh 1y bién thién dong ning dudi dang vi phén, ta c6 dT = dA.
4Pp’ M, —4AM

Q@+ e Yodv = (# — v’ )dz.

Tur do

1
9
M, —4M, )
a R c [
a= —9 3)
4Pp
Q@+ e
Khi xe c}luyén dong binh on tirc 1a chyyén dong déu (gia téc a = 0) van toc xe dat
dén tri s6 16n nhat dugc xac dinh tir bi€u thire sau:
M, —4M,

F o, =T 4)

Chu y rang két qua trén co thé suy ra tir (2) khi cho dA=0.
2) Khao sat lyc ma sat truot.
a) Tinh lyc ma sat trugt cua banh xe phat dong (banh sau).

Dé tinh luc ma sét truot, ta tudng tuong tach banh xe sau, dugc mo6 hinh nhu hinh
vE&. Nj 1a ndi lyc ctia xe tdc dung 1én banh xe tai khoi tAm banh xe, nén ta co
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2P o= M, —2M_ —2RF, (5)
g

. a
Vi banh xe lan khong trugt, nén ta c6 ¢ = E ,

trong d6 « 1a gia toc khdi tim C, suy ra

2Pp" L — M, —2M —2RF, F,
g R N

M, M 2
Fota_ 2 Ppa (6)

Tir biéu thirc (6) d& dang thiy rang, khi mé mdy tir trang thai tinh gia }6c a 16n, do
do lyc ma sat cua banh sau F; nho, roi tang dan cho dén khi xe chuyén dong binh
on a=0, lyc ma sat c6 gia tri cuc dai
F =F _ M, M (7)
1 7 7 max 2R R
b) Tinh lyc ma sat truot ctia banh xe bi dan (banh trudc).

Ciing tudng tuong tach banh trude dé xét

2P PP = 2RF, —2M ;
Y
2P 2% _orp —ou,
g R C
M 2
A R ®
gR F
Tir biéu thirc (8) thay rang khi m¢ may lyc ma sat truot N
cta banh trudce £, rat 1on, r0i giam dan toi khi xe chay
binh 6n @ = 0, lyc ma sat F»> nho nhit.
EF=F = M, )
2 7 T min R

Tur cac két qua trén thz‘iy réng khi mé may luc ma sat trugt F; cia banh sau nho,
con luc ma sat £, cia banh trude lon. Sau d6 F; tang dan, F> giam dan cho toi khi
xe chay binh on Fi=Fuux, F2=Fnin.

3) Qua trinh tat may, xe chay dan déu, M, = 0. Khi tit may xe dugc mo ta nhu hinh
sau, xe chuyén dong cham dan nén déu van toc va gia toc ngugc chiéu nhau, xe
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chuyén dong do Iuc quan tinh. Cac lyc tac dung 1én xe c6 phwong chiéu nhu hinh
v€. Tuong tu v&i banh xe sau ta co
Jp =M+ RE;
M 2
=2 B0 o)
R ¢gR
V6i banh trude ta c6
Jo=—M + RE;

M, Pp’ Fi F,

Tu (10) va (11) ta thdy rang khi tit may lyc ma sat ciia banh truéc va banh sau 1a
bang nhau:

. M Pp?
R=F F=FK=—t+—ca
R gR
So sanh (7) voi (10) thy rang Luc ma sat F; cua banh sau khi tat may co sy thay
dbi dot ngot vé phuong chleu va tri s6, con luc ma sat F ctia banh trude lic méi tat
may giam rat nhanh vi gia téc a<0

(12)

M
F<F =-—=¢. (13)
R

2 2min

Sau do ca hai luc F; va F c6 tri sO tang dan va tri s6 @ gidam dan dén khia =0, v =
0 thi

M{Z
=
4) X4c dinh quang duong cua xe di duoc ké tir khi tit may.

b =1F, =

Khi tit may phuong trinh chuyén dong cua xe 1a

F+

m"iji

+F (14)

hay —2F, pv’ ~0 (15)

m|@ ml@

thé (10) vao (15) ta nhan duoc
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2RgM,
QR +2Pp?
D& dang nhan thiy rang xe chuyén dong chdm dan déu va ta co
__2RgM, [, —an

QR* +2Pp* R

2RgM , M, —4M
S=——— e |ty § =0, (18)
2AQR* + 2Pp?) 1R

Sau mot s phép toan don gian ta nhan dugc
_ 1 (QR* +2Pp*) (M, —4M,)
4 RgM uR’
bo la quang duong xe di dugce ké tir luc tit may dén khi xe ding han. Véi s lidu
cu thé cua dau bai de dang tinh duoc:
V = Vpax= 88,2 km/h; F; = Fyax= 700 kN;
F>= Fpir= 100kN; a=1,5m/s* §=452m.

a = = const . (16)

, (17

v =

S (19)

Bai 8. Ya
1) Xac dinh phan luc Xa, Ya .
Ap dung dinh 1y bao toan co nang :

A > Y.
Tai thoi diém dau: A -
A
1 ml? l
T(J:—JAwgz—wj;HO:—mg— —7
2 6 2 @
Tai thoi diém bt ky:
1o, ml* ., _ l
T,O_EJA(‘O =% @,HW——mggcosgo N ! B
Tu suy ra: mg
ml* ., ml*
6 Y = 6 Wy, —mg— -+ mg_—Ccosp
s .o o 39
w = wa—T(l—cosgo) €))
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Ap dung dinh Iy chuyén dong khéi tim:
l

[ . .. .. .
m:'zEC:XA, d %:551H<P:>%:—(QOCOS@—@QSIWP%
’ 0

\]

=Y, —mg. l . L. .
my. 4 Mg yC:_Ecosgpiyc:E(gosmcp—kgfcosgp.

l
XA:—@(W 3+gcoscp)smg0,
2 g 2
2

l
v :%[24_(&_3)005@—1—30032 gp—gsm2 o]
g

A

Khi ¢ =90"= sinp =1,cosp = 0.

mlw’ 3 1
X, =-— 0+ Zmg ==(3mg — miw?),
A 5 tyme 2( g ))
mg
Y =—.
44 4

2) Khi dau B chuyén dong 1én vi tri cao nhat, thao lién két thanh AB chuyén dong
roi tu do. Phuong trinh vi phan chuyén ddng khoi tdm C cua thanh:

T =0, Yo = —9 (2)
Diéu kién dau t = 0; z,,(0) = 0; y,.(0) = é

l

Nghiém cta hé phuong trinh (2) 1a:
1 1 1
xC:——lwt; Y, :_59t2+_l 3)

a) Ké thanh AB tur vi tri thang ding quay mot s6 vong nira, rdi roi cham mat
phang nam ngang & tu thé thang dung, ta co cac diéu kién sau:

p=wt=kr (k=0,1,23,..)
yC:—l.

TH@3) =y, = é—%%(wtf - —é——(/mf
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Dodé o =-L pn?
32

1 1
Chu y dén (1) ta co: w? = w* + 679 = 2(6 + §k27r2) ,k=0,1,2.3...

l
b) Tur (3) suy ra
! 29

Ye 2 P to

v6i diéu kién y, =0, 2> =I°, W’ tinh theo (1) ta cé:

2
IO 1)
6g )
Bai 9.

Sau khi day bi dit thanh AB s& chuyén dong song
phang. Viét phuong trinh vi phan chuyen dong

N

song phang cho thanh AB 1an can thoi diém day bi T
durt: A C B
= ]
mi, = ‘\::::ﬂ:\/\(p
myo =P-T i;\‘:‘:;
o \
J.p=-Ti

Lén can thoi diém dy bi dit c6 thé xem j, 1 gia toc tiép cia diém C khi thanh

AB quay quanh A vdi gia toc goc & = p = yl(“ .
Biéu thtrc ndy c6 thé tim duoc tir hé thirc

Y, = —lsing (luuy rang ye> 0, @ <0).
Do d6: g, = —lcospp; i, = —lcospp + Isin 0P,
vi p~0 nén sing =0,cos p~1 =4, =—Ip.

2 2 2 g
Mat khac: chmgl) :Tngl , tr do ta co my(]:P_T; Tl’;l yTC:—Tl

. P
Khir 3, tir hai phuong trinh trén ra duge T = n
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Bai 10.
1) Xac dinh phan lyc N = N(¢) .
Str dung phwong trinh vi chuyén dong ctia vat rin song phing theo phwong phap
tuyén chinh:
v’ v’

¢ = N-mgcosp — N =mgcosp +m—+—-. (1)
R—r R—r

m

Ap dung dinh 1y dong ning dang hitu han tim ve = ve(@)

%mvg =mglH —r— (R —r)(1—cosy)]

—>1)(23—%g[H—r—(R—r)(l—cosgp)]. )
Tir (1) va (2) N:%mg[4H_r—4+7cosnp]. 3)
—r

Con lan khong roi khoi mang tron: N(¢@) > 0 ¢6 thé trir ¢ =7

m H-—7r
N, =Ng)| ==t —-1>0,
g 11R — 77"
B 4
2) Piéu kién lan khong trugt F <N *)
Xac dinh F,; tir hai phuong trinh
ms, = —mgsinp + F 4
= $=-1F, 5)
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cO ¢ = il néntr(4)va(S)suyra F = %mg sin . (6)
r

Dinh Iy dong nang dang hitu han véi thoi diém dau 1a vi tri thdp nhat cho:

3 3
vaé = mevi —mg(R —7)(1— cosp)
2
N = mu,  4mg | Tmgcosyp ' (7)
R—r 3 3
Thay (6) va (7) vao diéu kién lin khong truot (*) voi f=1/7 cho
v zgg(R—r)(simp—cosgo%—%). )

: ., T
Pé gdat téi vi tri <p:§

v =, —g(R—r1).
0min 3 g( )
3) Ap dung dinh 1y dong ning dang vi phan
dT = dA, )
3 2 3 2 2
T=—mv: =—m(R—1r)0
4 ¢ 4 ( )
(10)
k
ZdAk = (mgcosf ——N)(R —r)db
r
an
voi N = mgsinf + m(R — 1)’ (12)
T (9), (10), (11) va (12) suy ra
N2
M—i—ﬁHQZLCOSQ—iSin@ (13)
do 3r 3(R—r) 3(R—r)r
Dit u = 6° thi (13) duoc dua vé dang sau:
@ﬁLéEu:L(COSQ—ESmQ) (14)
a  3r 3(R—r) r
Nghiém cta (14) c6 dang :
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4k

w=Ce ¥ + Asin0+ Bcos0 (15)
du 4k -2k

—=—-""Ce ¥ 4 Acosf + Bsin# (16)
df 3r
Thay (15) va (16) vao (14) can bang hé s cua sind va cos@ hai vé c6:
A+4_kB:L; Ak p_ Ak
3r 3(R—r) 3r 3(R—r)r
Tinh duoc
2 A2
e 49 3r° —4k B 4g Tkr (17)
R—1 9r* + 16K R—19r* + 16k
Thay (17) vao (15) chi y u = 6*co:
. LY 4
0> =Ce 3 + J [(3r* — 4k%)sin @ + Tkr cos 0] .

(R —1)(9r° +16k%)
Tir diéu kién dau khi 6 = 0,6 = 0 xac dinh dugc C

R—1 9r* +16k°

_4k
F = e e st e ¥+ 3 - 4k sinl,
—r)9r° +

Tai vi tri thip nhat ing voi 0 =

|

) g(R—r1) 7%0 2 2
’UC :(R—T)‘g ‘:2 m(-?k?”@ + 3r —4k)

2k0

v, = QJM(37’2 — Tkre 3 —4k%).
' 9r* + 16k

Bai 12.

1) Tim van tdc goc chung sau khi ndi tryc.

Ap dung dinh 1y bao toan mémen dong lwong d6i véi truc quay ta co:
L =1L

1z 0z
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L.=(J +J,)w, L

0z = lel + J2w2 :
Twr d6 suy ra:

Jw +Jw
w = 171 2772

(1)
J, +J,
F s i p F F p Ll F
R ——_— —_—
vz v 7 vz
Ji Jo Ji )
2) Tinh toan sy hao hut dong nang sau khi ndi truc.
Tir biéu thire dong ning vat rin quay quanh truc ¢b dinh ta cé:
A 1 2 1 2 1 2
T:TE}—]} :§J1w1 +§J2w2—§(Jl+J2)w N
1 Jw +Jw)
AT:—[lef+J2w22——( 4+ Je,) . 2)
2 J, +J,

3) Thoi gian can thiét dé ndi tryc.
Xét chuyén dong cua truc 1) ap dung dinh 1y bién thién momen dong luong ta co:
dL

— =>"m (F)=M. 3)

Trong qua trinh ndi truc cac luc tac dung 1én tryc 1 gém O ‘

luc ndi truc F, ap luc phap tuyén p, luc ma sat va phan luc /

goi do. Trong d6 ap luc phap tuyén co do lon:
F

= 4
P (R ) “4)

dF, ms

Luc ma sat nguyén té c6 dang:

dF ad
ms — WP =" 51
TI'(RfL - Rf)
Tu do6 dé dang tinh dugc mémen ddi véi truc z cta luc ma sat:
ouF % 2 R -FR
M:ffr,updA:ffr?dr:—uF?—f, (5)
; R =R 3 R R

t
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do dA = 2mwrdr,
Do M 1a hang sé nén tir phuong trinh (3) suy ra:

Ll tu/
[ar = [mdt=mt, =1, -1, =Jw-Jw,
L, 0

0

Vay tacé:
t ZL(J M_Jw) " :§ Rs_Rf .J1J2(w2 wl)
MUY T+, YT 2 F(RP-RY T+,
NPT 1 1
Tedoratra: t |, =—k,, t,6 = —kﬂ (6)
¢~ F t

4) Anh huong cia ¢ va F : tir cong thic (6) ta thdy thoi gian ndi truc () ty 18
nghich véi ¢ va F. Tu cong thic (2) ta thay x va F khong anh huong gi to1 luong
mat dong nang.

Bai 14.

1) Ap dung dinh 1y bién thién dong ning ta c6 :

1 1
T == (M +2m)* + ~mp*(~)’ (1)
2 2 r

dA = —Fds (2)
Trong do ﬁ; la thanh phan phan luc tiép
tuyén ciia dudng ray tac dung 1én banh xe
bi ket, con thanh phan F 1a thanh phan

phan lyc tiép tuyén ciia dudng ray tac dung
1én banh xe khong bi ket, }_7;) . khong sinh

Byl

:

cong vi diém dat cua n6 c6 van toc béng
khong. Tu (1), (2) ta co:

2
F,=—~(M+2m+ma. 3)

k
r

<
©-

N}
N}

Ap dung dinh Iy chuyén dong khdi tim theo phuong ngang :
(M +2m)a = —F, + F,

Két hop v6i (3) ta nhgn duge : F), = —m*a 4)
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2) Vi gia thiét m/M ~ 0.
a) Tir (4) d& dang thay rang :

F, = —p—Qma = —ﬁp—2Ma =0
r M r
Suy ra
E]k; :0 (5)
F ~—Ma (6)

bybat: F, = F =—Ma, F, =0.

2
g dung dinh 1y chuyén dong khéi tim theo phuwong thiang ding
N, +N, = (M+2m)g (7)
v6i gia thiét m/M ~ 0 ta co :
N +N, —Mg=0, (8)
trong d6 N, N, 1a phan lyc phap tuyén ctia duong ray tac dung tuong ung 1én banh
(1) va banh (2). Viét phuong trinh mémen c’[ong luong voi khdi tam C cia goong,

luvuy rang véi m/M ~ 0 , ¢6 thé coi xe nhu vat ran chuyen dong tinh tién. Khi do hé
lyc quan tinh ctia n6 twong duong voi mot lyc dat & khoi tam C, ta cé :

Na+Nya+Eh=0,

9)
B =[N
Tt (6), (8), (9) dé dang tinh dugc :
No=—% Mg N, =T e Y (10)
2a + hf 2a + hf 2a + hf
¢) Tuong tu nhu phan b) ta nhan duoc cac phuong trinh sau :
F,=— Ma, N +N, = Mg
N.a— N,a = —hF,, = [N,
Dé dang tim duoc : N = a—Jh Mg; N, = a Mg; a=— of g
2a — hf 2a — hf 2a — hf
Pé lién két khong bi pha v thi Ny >0, N,> 0, tic 1a : f<27“ (11)
A g , \ 2a
Vay giatritGihancuafla: f = 5
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Bai 15.
Co hé khao sat gdm c6 tdm tron va nguoi, hé i B
ngoai luc dat 1én co h¢ 1a (@, ]3, NA, ]VB ).
Ta co: Zmz(ﬁ:) =0
Theo dinh 1y bdo toan mémen dong luong ta co :
L = const = L (0)
L(0)=w[J +m(a+R)] (1)

L = Jw.
J+ + R)’
Thay vio (1) rit ra o = 7’;(“ 1 )
Ap dung dinh 1y bién thién dong ning ta co :
T —T, =Y A(E) +)JA(E), (3)
2 2 212
iy SSAF)=0; T=2y=l/rmatR)]
' 2 2 J
W 2
T, :7[J—|—m(a+R) ].

Thay céc két qua nay vao (3) ta c6 cong » A(F') ma nguoi thyue hién dé di tir E
dén ¢ : > A(F) =

0

2
T-T = ;"—3[J +m(a + Rm(a + R)?
Bai 16.
1) Ap dung phuong trinh Lagrange loai

II déw thiét 1ap phuong trinh vi phan
chuyén dong cho co hé.

Pong niang cia co hé:
2

T:m&:ﬂ(fu2 + )
2 2 !

e
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v =wirt, v =4+

T =asing, T = acospy

y=>bcosp, y=—bsinpy

v? = (a® cos® ¢ + b” sin® @)’
Vaytaco:

L=T-11

IT=—bcospP + C,

m 2

T = E[wﬁa sin’ ¢ + (a® cos® ¢ + b” sin’ p)p*],

L= %[u}gcf sin® ¢ + (a” cos® ¢ + b* sin® p)p°| + Pbcosp + C' .

Phuong trinh Largange loai 11 :

4oL oL _
dt 0p Oy
ia—L =m (02 cos” o + b’ sin’ 90) ¢ + m@p(—2a’ cos psin pp
dt 0p
+ 2b* cos @ sin )
=m (aQ cos’ ¢ + b sin” <p) @+ m(b® — a®)sin 290
oL m

% =5 [2w§a2 cos @ sin ¢ + (—2a” cos  sin ¢ + 2b° cos @ sin go)ng] — Pbsingp
= gsin 2¢ [w§a2 +(b* — aQ)QbQ} — Pbsing
Thay vao phuong trinh Lagrange loai II ta duoc:

m (aZ cos’ i + b” sin® go) @ +m(b* — a’)sin 2p¢”

— %sin%o[wgf + (b — a2)¢2] + Pbsinp = 0.

Viy ta c6 phuong trinh vi phan chuyén dong cua co hé

(aQ cos’ p +b” sin® go) o+ %(b2 —a”)sin 2p¢°

—%wéaZ sin 2p + gbsinp = 0

2) Chét diém can bang twong dbi khi ¢ = 0, =0, viy taco :
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—%cﬁwg sin2¢p + gbsingp =0
= sin p(—a’w] cos + gb) = 0
sinp =0— ¢ =Fkmk=0,12..
Nhur vy ¢6 2 vi tri can bang 1a (0, b)va (0, —b):

b b
cosy, = 29 5 §1—>w§ Zg—
a’w, a
gb gb
y=beosy, =——, y=——;
0 awO
272
f b
T =asing,, sinch:iJl—COSZch, T == aZ—g2 =
a"w
0
212
.y : ‘ b b
Nhu vay ciing c6 hai vi tri cAn bang 1a +( [a” — 92 = 292)
Qw, aw,

3) Khao sat gia tri ham Lagrange L

2
L
g<p2 = mcos2¢plwia’ + (b° —a’)p’] — Pbcosp = 0;¢* =0
82L _ 2 2 2 b _ 2 2 2 b
o7 = m cos 2pw,a” —mgb cos ¢ = m(w,a" cos 2 — gb cos @)
2
g LZ = m(w’a’ — gb)
()0 =0
. ) gb 82L . R . ’ A N A
Khi wj < =5 - Y < 0 — L cuc dai, IT cyc tieu — vi tri ¢ =0 : can bang bén.
a ‘4
. 2 gb 82.[/ R . . 7 A M
Khi w) >= — >0 — L cyc tieu, IT cyc dai — vi tri ¢ = & cén bang

a’ Op
khong bén véi moi gia tri ctia @, .
d°L
e’

gb
wia®

cos 0

= mlw}a’(cos” p —sin’® ) — gbcos ¢, |

= mlw.a’(2cos® ¢ —1) — gbcos ¢, |
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aQL . 92b2 g2b2
2 [ éaz@ 14 —-1]- 2 2
Op s w,a w,a
272 272
= m[(2 ng o Wtz)&2 o g2b2]
woa woa
0°L q°b* m . g’b°
82:m[22—w§a2]:—22[44—1]<0
o w,a wa wia

Vi a’w} > ¢°b°, ham L cyc dai, thé nang IT cuc ticu nén vi tri can bang beén.

Tom lai ¢6 4 vi tri cdn bang (xem hinh v& ).

Khi wg < g_i) vi tri (0, b) can bang bén con vi tri (0, -b) 1a khong bén
a

. b . b’¢> b
Khi w§>g—2,halv1tri +( [a® — 494, Qg
a a'w, d'w,

cin bang khong bén.

Bai 17.

1) Ap dung phuong trinh Lagrange loai I aé
thiét 1ap phuong trinh vi phan chuyén dong
cho co hé:

dor_or_,  dor or_
oy o Y dtop dp ¥
trong do :
'U2 .92
T=T+T;T,=T +T,T =m-C+J, %
€ LA 4 2 2
ml®
v, =1lp;, J,= ;
c =W o 3
7.2 .2
T=JY, 7=4upf
2 "3 2
m m 532L m
J =— [ cos’ ps’ds = —cos’ p—| =—
: 25»[ TR Y R
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2

4
= —ml® cos’
3 2




7.2 7.2 22

T :émf cos2cpw——> T, = éml2 cos” gow—vLémfSi

© 3 2 3 2 3 2
7.2 4 7.2 4 .2
T = Jw——i-—ml2 coszapw——i-—ml?(p—
2 3 2 3 2

Qw =M, Q¢ = —Plcosyp

oT .4 : 4 .
— = J¢ +—ml’ cos’ 1 = (J + —ml* cos’
o0 (G 3 v = ( 3 PN
i@_T =(J+ éml2 cos® Q)i — éml2 sin 20); aT _ 0
dt o 3 3 N
8_1'“ = ém 2o i@_T = éml2gb; 8—T = —émf sin290¢2
op 3 dt 9p 3 Op 3
Viy ta ¢6 hé phuong trinh sau :
(J + émf cos” Q)ih — émf sin 2000 = M
L2 3 (M
215+ —1sin2p1)* = —gcos o
3 3
2) Gia st khung quay déu ) = w, = const, =0 taco:
4 . .
M= gml sin 2w ¢ (2)
%lgb - %lwg sin2p = —gcos ¢ 3)
. 5 . 3
Suyra:np:—w081n2<p—4—lgcosg0. 4)
Tinh van tdc twong ddi ¢ :
Bién ddi tir phuong trinh (3) ta ¢6 :
%lgbdgb + glwé cos psin @ dp = —g cos pdp
4 ¢ 8 ,sin®p .
—l—+—lw, —— = —gsinp + C.
32 3" 2 geme
o T ... 1., 1
Véi $(0) = 0,0(0) = n ta xac dinh dugc : C = glwo + Eg.
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2
: : w
Vay: ¢ = —2w§ SinQQO—%gsingp_f—(_ﬂ_l’_ 3

9 E!})

D& dang nhan thiy ring véi 0 < ¢ <~ thi ¢* >0 va trong qué trinh chuyén
g Y g 2 6 2

dong goc ¢ ludn giam cho nén vén tée twong dbi ¢ <0, ta co:

2
o= —\/—ng sin® @—%gsinap —|—(%—|—4—lg
3) Dung dinh 1y chuyén dong khdi tim ta c6 :
md, =N, +N, +P
m(@ +3d" +a?)=N,+ N, +P

) )

Chiéu phuong trinh vécto 1én trén truc z ta ¢6 :

ma, =—P+N,, z,=lIsingp — Z’C:lcoscpgb—lsin<p<p2

Cz
. . N2
N, = mg + mi(cos pp — sin p¢)

Thay cac gia tri ¢°, & trén ta nhan duoc

9 w3 3
N, = mg — ml[2w’ sin ¢ cos 2p — — g cos” ¢ + sin p(—= + — g) — —g].
4 = Mg — mi[2w; sin g cos2p — -7 g cos” ¢ Pyt 959
Bai 18.
1) Thiét 1ap phwong trinh vi phan chuyén dong ciia co hé :
Tinh dongnéng: 7 = T + 1,
v’ )
T=m-r 4, % (1)
Luu ¥ rang: U, = U, + U, trongdo: v, = (p—1)p; v, = 00, Vo = i
; ) ; : 0 —(p—1)¢
ph=(p—r)p+1¢p —p = ZLZTE (2 i
Thé biéu thire cta ) va ve vao (1) ta duge :
m 3 . m ¥
T, =—p0" +=mlp—7r)¢" +—p(r — p)0¢ 2)
4 4 2
pE
T =J, o ()
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i
/é‘/
&

Goi v 1a khdi lugng riéng ta co :
R
M
Jy=2my [ 68dE = (R 407
P

M, . o i
T = (B 400 @)
Vay dong néng cta hé 1a :
0’ 01, 3 ). .
T = Z[M(RQ + %) + 0| + 2o~ r) ¢’ +%p(r —p)ip
Biéu thirc luc suy rong :
@=L, @ =-mg(p—r)sing
Thé cac biéu thirc dong ning va cac luc suy rong vao phuong trinh Lagrange ta
duoc :
0 .
[M(R? + p*) + mp*| = =2 plp — 1) = L
] 2 2 (5)
=y Plo =8+ mlp — r)’$ = —mg(p —r)sin ¢

2) Truong hop vanh tron quay déu 0= Q, = const, 0 =0 ta co:
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m .
o plp—r)p=—L '

3 . .
S mlp —r)°¢ = —mg(p—r)sing
Tur hé phuong trinh nay ta tim dugc
1
L= gpmg sin © __|E

Dé duy tri ché d6 quay déu thi mémen
M duoc xac dinh tir biéu thirc (6).

Ciing tor hé phuong trinh trén ta nhan
duoc:

29
3(p—r)

$ = sin ¢ (7 i

T (7) va cac diéu kién dau : (0) =0, ¢(0) = 2 ; J ta co :

S o |900se 8
@ 30— 1) 8)

Hé thtrc (8) 1ay dau cong (+) khi ¢ ting tir -n/2 dén n/2 va lay dau (-) trir khi ¢
giam tir +m/2 dén -1/2, tirc 1a dia d6i chidu quay. Tai vi tri ¢ = 7/3, phuong chiéu
van tbe UC nhu hinh v€, con tri sb ctia no 1a

v, =(p—r)p= 2\/§ m/s. 9)

3) Xac dinh phan lyc tai B va gia tri

Xét dia tron, bo qua ma sat lan, chiu tic dung cua céc luc N i ]3, ]33 . Theo dinh ly
|

chuyén dong khéi tam ta co :

md =F,+N, +P;

Sy

ma;, = N, + Pcosy I
ma/, = —F, + Psing

S

i,

S

ot

FEEE

R

A

Tu hé trén ta tinh duoc :
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(N = m(p —r)p* + Pcosy

B

4g
=m(p—r)———+ Pcosyp
3(p—r)
F, = Psing —m(p—r)p
= Psingp—m(p—r)2—gsing0
3(p—r)
Vay: NBzgpcoscp, FBzéPsingo (10)

Xét vanh tron : Joé =L— pFB’

70 = ng;),slw a pmg;mw =0 =0=0 =0=00).

Bai 19.

. , A y
1) Thiét lap phuong trinh vi phan chuyén
dong cho chudng. /
2 s ’ I
Vo6 chuong va can lac tao thanh hé con lac !
kép nhu hinh v€. Vi tri cia hé duoc xac dinh
bdi cac goc @, va @ Chon hai goc nay lam \
toa do suy rong du ctia hé. \
Biéu thirc dong nang:
1 .
1. .,
+ B J o, (1)
. x
+mkskhgpk¢g COS(SOg - 80147)
Biéu thtc thé nang:
Il =—(m s, +mh)gcosp —ms,gcosp, + const )
Thé cac biéu thirc nay vao phuong trinh Lagrange loai 11
d 0T 0T 01l .
= (j=12) 3)

dt 94, _3(]]. __aqj’

ta dugc phuong trinh vi phin chuyén dong cua quéa chudéng nha tho:
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(J, + mkhQ)% +m,hs, cos(p, —¢,)p, + m hs. sin(p, —¢,) @
+(m,s, +mh)sing =0

J @, +mhs, cos(gog — gpk)gog — mkhskgbj sin(gog —©,)
+ms, sing, =0

)

2) Trong mdt sb trudng hop chudng khong kéu, do sau khi rung, ta c6 hé thirc
@, (t) = ¢, (t) = ¢(t) . Khi d6 tir cac phuong trinh (4) va (5) ta suy ra:

- m,s, + m,h ) 0 ©
@ gsing =

J, +mh(h+s,)
54— % oGing =0 %
14 J, +mhs,) 14

So sanh hé sb cac phuong trinh (6) va (7) suy ra :
ms, + mh m,s,

Jg +m h(h+s,) N J, +mhs,

Tur d6 tinh duoc

ag —a,
h = PR ®)
m - W
14_4(&7’»)
m S
9 g

trong do ta ky hiéu:

Bai 20.
Co hé gém c6 dia, thanh AB, con chay B va tai trong D. Co hé c6 hai bac tu do.
Chon toa do suy rong du cho hé la:
qi1=5,92= @.

Ap dung phuong trinh Lagrange loai II dé thiét 1ap phuong trinh vi phan chuyén
dong.
Pong néang cua co hé la:

T =T+ T,+ T, €))
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v
Vi w=-4;
T B 7
d . .
vB:E(LU+Lsmg0):Lcos<pg0 M
|
nén !
(/’]‘ LA
1 9 1 mr’ , 3 9 \ v
TA—2m1vA ; w :Zm1UA :
__a D "
1 2 1 2 2 2
T, :§m2v3 :5m2l<p cos” . §

Khi cht y d&én dinh 1y hinh chiéu van toc:
v, =v,tanp = Lsinpy va v, =3§,taco

3 . . 1 .
T, = ZmlL2 sin® p¢*; T, = §m3s

A 1 5, 1. : . g
Vay: T = 5771352 + ZLZQDQ (2m,, cos® ¢ + 3m, sin” ) ()

Cac lyc suy rong duoc tinh theo cac biéu thirc sau:

©

oIl * oIl "
Q=-5+ @ Q=5 40 3)

Dé dang tinh dugc: II = m,gs + %C(L sin ¢ — s)2 + mBgL sin ¢ + const
Cac luc Q. Q: sela: Q =0 Q; =M 4)
Tu do: Q, = —m,g+ c(Lsinp —s)

Q, =M —m,gLcosp —c(Lsing —s)Lcosp. (5)

Thay (2), (4) va (5) vao phuong trinh Lagrange loai II ta dugc phwong trinh vi
phén chuyén dong ctia h¢ nhu sau:

m,5 + c(s — Lsinp) +m,g =0

2 2 2 . 92 . .9
2L (3m, sin” @ +2m, cos” )@ + (3m, —2m, )L’ sin 20
+ 4m, gL cos ¢ + 4cL(Lsinp — s)cosp = 4M.
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Bai 21.

1) Lap phuong trinh vi phan chuyén dong
cho co hé

Co hé c6 hai bac tu do. Chon toa do suy
rong da chohé la: g;=x, g:= @.

trong dé
- x thong s6 dinh vi cia thung xe,

- @ goc dinh cda cia con lac doi véi thung
Xe.

Pong nang cua co hé la:
T _ 1 <2 1 2«2 . .
B —E(m1 +m,)z —|—§m2p "+ myacospip.

Cac lyc suy rong s¢€ la:

M ) .
Q =—; @ =-—cp—bp—mygasing.
T

@

Ap dung phuong trinh Lagrange loai II dé thiét 1ap phwong trinh vi phan chuyén
dong, ta dugc:

(m, +m,)Z + mya cos p @ —m,asing $’ = —

m,a cos Y T + m2p2<,'0' = —cp —bp —m,gasinp.
2) Trudng hop xe chay voi van toc v = v, + Veos(2t .
Trong trudng hop nay gia toc clia xe sé 1a # = —VQsin Q¢ phuong trinh dao dong
bé cuia con lic s& la: (ay sing =@, cosp =~1):

¢ +2np + k' = H, sinQt

trong do:

b k2:c+nga' I :mZaVQ
mp*’ mp* " mp’

2n =

Nghiém cta phuong trinh vi phan trén c6 dang sau:
0 =p+ Bsin(Q t—¢)
trong dé

P =Ae " sin(k't 4+ «) khi n <k
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o= Ae "sh(k't +a) khi n>k

@ =Ae"(Ct+C,t) khi n =k
H
\/(kZ P 4 An¥Y k2 — Q2
Bai 22.

Co h¢ c6 hai bac tu do, chon toa d6 suy rong du la x va ¢.
1) Thiét 1ap phuong trinh vi phan chuyén
dong cho co hé.’ Stt dung phuong trinh
Lagrange loai II viet theo x va ¢.
Pong nang cua co hé la:

T=T +T; (1) 7

Loy 1o 3 .,
T :5mlv0+§J00 :Zmlx ;

1 s 1 .
T ZEmQUA—i—EJAtp

2

vi JO:JA+m2h2; vi:ii—f—yi

va 1, =x+hsing, y, =R—hcosp nén:

r ., 1 .. ..
T = §m2x2 +§J0902 + m,h cos p T

2
Thay cac két qua nay vao (1) ta co:
1.3

o L ..
r= §(§m1 + m2)$2 +§J0S02 + m2h Cosp T 2

Tinh cac luc suy rong:
Dé tinh O, ta cho hé mot di chuyén c6 thé véi 6 = = 0,6 ¢ = 0 thi

MbO —cxdx M t
! bx R R

cho 6z =10,6p =0 thi
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Q :—M:mZghlsingo. @)
v ¢
Viét phuong trinh Lagrange loai II, ta nhan dugc hé phwong trinh vi chuyén dong
cua co hé nhu sau:
3 .. , . L, M, coswt

(Eml +m,)E +m,hcosp$ —m,hsing p = — cx

m,hcosp i +J @+ mhgsing =0.
2) Xac dinh phan luc N tai ban 1& O ¢ thoi diém ban dau.
Taco N,(0)=X,(0)+ Y, (0)
Con lan chuyén dong song phing nén ta co:

m,t, = X, ; mij, =-m,g+Y,
Viz, =xz+hsing, y, = R—hcosp néntaco:

T, =1 + hcos @ — hsin pg’; 4, = hsinpg + h cos pp°.
taiz=0 thi =0, sinp=0,cosp =1, ¢ =0 do d6 ta co:

i,(0) = £(0) + h¢ (0); 4,(0)=0.
Tur d6 ta nhan duoc:
X, (0) = m,#(0) + myhp (0), Y, (0)=m,g =mg=98N

Xét phuong trinh vi phan chuyén dong tai thoi diém 7= 0, ta co:

3 . ; M
(5 m, 4 m,)i(0) 4+ m,h@ (0) = ?0
m,hi(0) + J ¢ (0) = 0.
Tt h¢é phuong trinh trén rut ra dugc
.. 40¢g .. 60¢g
2(0) = —=; 0)=——.
=" p0="
Cudi cing ta duge X ,(0)=6,4 N.
Bai 24.
1) Lap phuong trinh vi phan chuyén dong cho co hé.
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St dung phuong trinh Lagrange loai II dé thiét 1ap phuong trinh vi phan chuyén
dong cho co hé. Co hé c6 hai bac tu do. Chon hai toa d0 suy rong du cho co hé la:
g =@, q:=7r.

Phuong trinh Lagrange loai I1:

)= (1=12)
dt 9¢;" 0Oq, '
Pong niang cia co hé:
r
T=T +T,
1., 4MP
iy
2 A
do J _ Mt x

0

2

1
T = Em(f“2 +r°Q%).

. 4on @ 1
Vay T =—MPZ—+=—m(r* + r9?).
dy S ME 5 ml @)
Biéu thirc thé ning cia hé:
I[T= —Mglsin p — mgrsin ¢ + const
Céc luc suy rong
1 1
Q = _8_ = (Ml+ mr)gcosp; Q = _8_ = mg sin .
i Op ! or
Thé cac dai lugng vao phuong trinh Lagrange loai I ta nhan dugc:
(4 /3-MI 4+ mr*)p + 2mrrg — (Ml + mr)g cos p = 0,
P —1rp* —gsingp = 0.
Dé xac dinh phan lyc N L OA tic dung 1én chit diém, ta ap dung dinh 1y bién

thién momen dong luong cho chit diém véi luu ¥ ring v; ¢6 phuong qua O, ta c6

%(mrﬂb) = —rN + mgr cos ¢,
2mrrp + mr’p = —rN + mgr cos @,
Vay N = m(gcosp —27p — o).

Thé ¢ nhan dugc tir phuwong trinh vi phan chuyén dong ta tim dugc:
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[1— 37/ (4])]mg cos ¢ — 2mrp

N =
1+ 3mr® / (4MI?)

2) Khi thanh OA & vi tri ndm ngang véi diéu kién ©,(0) =0, ¢,(0)=0 thi chét

diém khéi luong m véi van tde v roi théng dang va vao thanh tai vi tri cach O mét

doan bang a.

Ap dung dinh 1y bién thién dong lugng cho chat diém B trong va cham d6 ta co:
m(v, —v) = =5".

Ap dung dinh 1y bién thién mémen dong lwong cho thanh OA trong va cham d6 ta
co

4 .

EMZngl =as.

Ngay sau khi va cham, lac bién dang cyc dai ta co v, = ag,.

Tt day dé dang tinh duoc:

_ 3mav N 3ma’v g AMml*v
AMP + 3ma®’ ' AMP + 3ma®’ AMP + 3ma®

3) Pé cho chat diém tiép xuc vdi thanh sau khi va cham thi phan lyc phap tuyén N
cua thanh tac dung 1én chat diém B phai duong, ké cd thoi diém va cham
r=a, p(0)=0,7=0,cosp = 1.

_ (=3r/(4l)mg
1+ 3mr? / (4MI?)

4) Gia st rang sau va cham, chat diém B roi khoi thanh OA, khi d6 gia tdc tiép tai
diém trén thanh ma chat diém va cham, phai 16n hon gia toc trong truong g

2

4
Vay >0, suyra a <§l.

(ay > g). Luc d6 hai vat roi nhau, phuong trinh chuyén dong cta thanh c6 dang
(thay m = 0 vao phuong trinh vi phan chuyén dong):

4 . . 39
—MI’¢$ = Mglcosyp; ¢ =0; ¢ ===,
3 ¥ g 2R ¥ 11

A . 4
Tu di€u kién a, > g, kéo theo ap > g hodc z%a > g hay a >§l.

Diéu nay trai v6i gia thiét nhan dugc ¢ cudi phan 3). Do d6 chat diém B khong roi
khoi thanh OA.

5) Truong hop gidi han a = %l.
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D@ dang thay rang & thoi diém sau va cham N = 0. Tinh dao ham N theo thoi gian
tai thoi diém dau ¢ =0, r = a, » = 0. Theo bi€u thuc cua N tim dugc & cuoi

phan 1) ta c6:
an
dt

2mrg,
1+ 3ma® / (AMP?)

=0,r=a,7=0
Mit khac khi ¢ =0, » = ¢ thi tir phuong trinh vi phan chuyén dong i = rg’of = ag’of .

ta nhan duoc:

2 3
dt |, 3 ma’ dt
1 1—}——7 t
4 M

Phan Iyc phap tuyén N s& tré thanh 4m, do vy sau va cham chit diém B s& roi khoi
thanh OA.

Bai 25.
1) Phuong trinh vi phan chuyén dong cho co hé.

Co hé co6 hai bac tu do. Chon cac toa d6 suy rong du nhu sau: gi1=x, g>=s (x thong
s6 dinh vi cua ban rung tinh tién theo phuong dimg ké tir vi tri can bang tinh ciia
16, s thong sé dinh vi ctia con lan ddi voi ban rung).

Biéu thiic dong nang cta co hé s€ la:

T = %(mg + m)Z‘Q /.,_
3 .

+Z ms” + massin a.

Céc luc suy rong c6 biéu thirc nhu sau:  x
sz—c(z+5)+(m0+m)g gc L‘:Jb

—bfi:—l—Fosith

Q, = mgsina.
0 do6 o 1a d6 gian tinh cua 10 xo.
ap dung phuong trinh Lagrange loai II dé viét phwong trinh vi phan chuyén dong
cho co hé ta duoc:

(m, +m)i +msina s = —cx —bx + F sinQt

1,55 +sinaz = gsina
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2) Piéu kién lan khong truot

Dé tim didu kién nay thi phai tinh phan lyc phéap tuyén va phan lyuc tiép tuyén giita
con lan va ban rung. Mudn thé ta dit luc quéan tinh theo 1én con lan (lyc quéan tinh
Coriolic khong c6 vi chuyén dong theo 1a tinh tién). D& dang thiy rang hé lyc quan
tinh d6 c¢6 hop lyc dat tai khdi tim C cua con lan, phuong théng ding va c6 hinh
chiéu trén phuong thang ding bang :

R = —mi
qt

Viét phuong trinh vi phén chuyén dong cua con lan trong chuyén dong tuong dbi
(phuong trinh chuyén dong song phéang) ta co:
m§ = (P —mi)sina — F_
0= N + (m&— P)cos«

JCgb = F;nsr'
Ngoai ra tir hé¢ phuong trinh vi phan chuyén dong ciia co hé ta tinh dugc
F=g—15——.
sin «
. mr® . § 5 < . \ A
Khi thay J, = o =—,E=9g—15— vao cac phuong trinh vira nhan
’ 2 T sin «v

duoc, ta tinh duoc:

F =0,5ms, N=15mscota

biéu kién lan khong trugt sé la:
F < fN = tana < 3f.

ms R2
Bai 26. O \h——
1) Phdi hop dinh luit bao toan
moémen dong luong voi dinh ludt bao

toan co nang. Pinh luat bao toan M N X
momen dong luong: L.=const: [ [ S— 1>
L =2m2F + 2l + 2°)o A l l l B
= 2m( ) g e

'V = 4ml?w0

z mg
LV (1) = 16ml*w, 0 %E/zl
1

Te [V=L["=w = TO (1)
2
L=I"sp=— 2% _
: : 20 + 2l + 2
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do _dods 202z + 1w,

£ = = =7
dt  dx dt F + ol + 2*)
Dinh luat bao toan co nang:

T, +11, =T, +1I,

I, =II, =const = T =T

2
ml” .9
w, + mz, .

1, = 2mlzw§, T =

1

Tu d6 tinh duoc:

. 3
T, = Elwo .

Két hop (2) va (3) im dugc gia tdc goc cua 6ng khi qua cau N dat dén dau B:
_ 56,
E=———uw.
64
2) Viét phuong trinh vi phan chuyén dong tuong d6i cho qua cau N.
mi, =—T +m(z + )’
Xét chuyén dong tuong ddi cho hé gdm ca hai qua cau M va N.

mi, +m&,, = maw’ +m(z + Hw’

Vi i, =7, néntu(4)va(5) suy ra:

T mlw’
2
Khi qua cau N dat dén dau B, @ = wi, thay (1) vao (6) c¢6
_ mlwg
32

Bai 27.
1) Thiét 1ap phwong trinh vi phan chuyén dong.
bongnangcuahé¢ T=Ti+T1;

1 . 3 1 .5

T =—Mp¢p*; T.=Zmi’+=-m(—+2"
=5 My > =7 St e)e

)

&)

“

()

(6)
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2

Vay T = %mﬁ + %[MpQ + m(’"Z + 2%))p?

Cac lyc suy rong :
Q =—clr—71); Q@:L—bgb. z
Thay vao phuong trinh Lagrange loai II ta O 3k

duoc hé phuong trinh vi phan chuyén D
dong cho co hé nhu sau: X

—i—1zp’ = —i(;r—r),
2 m

(M

4

A
) . L =
[Mp +m(z+$)]g0+2m:m:gp—L—bgo

2) Thay ¢ = w, = const vao (1) ta co

2. c 9 2cr
—(——w ) = —— 2
3(m 0) 3m @

T+

a) Truong hop ¢ > mw. nghiém cua (2) c6 dang

. 2
z = C, sinkt + C, coskt +L2 v6i k= —(i—wg) :
¢ —mw, 3 m
T diéu kién dau z(0) = r, #(0) = 0 tim dugc:
mrw;
C,=060=-———"7.
¢ —mw;
Tam dia chuyén dong theo quy luat:
r 2
T = ———(c —muw, cos kt)
¢ —mw,
b) Truong hop ¢ < mwé nghiém cua (2) c6 dang
kit ki cr . 2,5, ¢
r=Cpe" +Ce " +——— voi k =,|-(w, ——)
¢ —mw, 3 m

Tu diéu kién dau tim duoc:
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c —C :_l mrwﬁ

3 4 92 "
2c—mw0

Tam dia chuyén dong theo quy lut:

T = ;(0 —mwlchkt).
¢ —muw,
\ 2 X , . 2rc \ A,y
¢) Truong hop ¢ = mw; , phuong trinh (2) c6 dang 7 = P va nghiém cua né la
m

=S¢ +Ct+C,.
3m ?

Tir diéu kién dau tim duge C, = 0; C, =r.

Tam dia chuyén dong theo quy luat

T = itQ +r.
3m
Bai 28.
1) Xéc dinh lut chuyén dong x = x(2) )
cua qua cau doc theo ong.
Phuong trinh co ban trong chuyén dong
tuong doi trén hé dong c6 dang

m&'T :mﬁ—i—li—i—ﬁ—kﬁqj

(1) ) O
O 4

Hé toa d6 Oxy chon nhu hinh v&. Chiéu
(1) 1én Ox ta duoc

mi = —mgsina — F, — F(’]; cosa (2)

voi

lx

F, =cz—1); F, = 6mbt

thay vao (2) dugc
. C c .
I+—z=—I[ —gsina—6b(cosa)t. 3)
m m

Nghiém cia (3) codang: 2 =7 + 2
trong do:
- T la nghiém tdng quat cua (3) khi khong c6 vé phai
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T =C coskt+C,sinkt véi k= i,
m

- x" 12 mot nghiém riéng ctia (3) tim duoc dudi dang:

z = A +AtL.

Céc hé s6 Ao, 41 tim duoc bang cach thay x* vao (3) rdi dong nhét hai vé

A =1 —igsina, A =-

Véi diéu kién dau 2(0) = 21, ;2(0) = 0 nghiém cta (3) s& la

x:(l0+m981na \/7t+\/76bmcosoz in\/zt+lo
m

_ mgsino _Gbmcosozt

6bm cos o

&

c c
2) Xac dinh 4p luc cta qua cau 1én bng tai thoi diém bit ky
Chiéu (1) 1én Oy co:
0=mj =—mgcosa+ N + 6bmsinat
N =mgcosa —6bmsinat.
Bai 30.
1) Xac dinh phan lyc 6 A va B
Trudc hét khao sat chqyén dong cua con lan. Ap dung phuong trinh vi phan chuyén
dong cua vat ran chuyén dong song phang, ta co:

mi=—-F —F (1) d lo N

dh ms

my=N—-—mg=20 2)

mch—rF

ms (3)
Do con lan 1an khéng trugt nén ta cé A
cac hé thirc sau:

T=rp=>2="19 (*)

T (2) suy ra:
N=mg 4)
Tu (1),(3) va(*)suyra:

. 1
Pt =0 voi =t (5)
ml+4i/r
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Nghiém cia phuong trinh vi phan (5) 1a :

r=C coswt+C,sinwt
Chu y diéu kién déu 7= 0 : x(0) = a, #(0) = 0 ta tinh dugc C;=a, C,=0.
Do d6 x = a cosar. (6)
Biéu thuc luc dan hdi cua 16 xo Fgy = cx = a coswt (7)
Tu (1) suy ra

F =(mw’ —c)z = (mw’ —clacoswt (8)

Xét su cin bang cua gia d& AB. Ta c6 cac phuong trinh can bang sau:

ZF]CJE = XA + F;ns + F:l}z = O (9)
> F, =Y, + N, —mg—N=0 (10)
- l
ZmA(Fk):—mlgE—N(x—i—d—i—lo)—i—NBH—Emr:0 (11)
Giai h¢ phuong trinh (9), (10) va (11) ta duoc:
c
X, =———acoswt (12)
Y14 /)
m. l—d—-1 1
Y, = 1g+mg—°——[mg~I—L2]acoswt (13)
2 l l 14+G /r)
d
NB:mlg—F g ”—l—l[mg—k A Jacoswt (14)
2 l ) 1+ (z{ r)
2) Tim gia tri cuc dai cia cac phan
luc trén. d lo | *
Tu cac b’iéu thie (12), (13) va (14) Ya ‘
trén ta thay: Xa va Y dat cuc dai khi
coswt = —1: Xa Fa €

m g\
12 12 |
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m.g l—d=1 —a re

Yo = Mg +—[mg + ————].
Amax 2 l l [ 1 + (7;(: / 7“)2]
- N dat cuc dai khi coswt =1:
m d+1
Bmax = 1g + mg . + g[mg + T.,C 2 ] *
) 2 l ! 14+, /7)
Bai 31. z
1) Thiét 1ap phwong trinh vi phan chuyén dong cho co hé 0, Y8
H¢ c6 hai bac ty do, chon hai toa d6 suy rong du: ) 0
q1=0 - gbc quay cua vanh quanh truc O0,,
g2=¢ - goc dinh vi cia OC dbi véi truc 0,0,.
Str dung phuong trinh Lagrange loai II:
L o S
it oq’ oq 7
Tinh dong nang cia hé
T=T+T, )
T, - dong nang cua vanh:
T = %JéQ )

T4 - dong ning cua thanh AB. Thanh AB chuyén dong phirc tap, van toc theo va
van toc tuong doi vudng goc voi nhau nén:

v =0+
Tur day co:
Ty =T+ T, 3)

voi T, 1a dong nang cua thanh trong chuyén dong theo:
e 1 12
T =—J, 6, 4

AB 2 0,0,

trong d6 J, , 1a mémen quan tinh cua thanh AB d6i vai truc 0,0, :
12
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Joo, =Ja + m(OC sin )’

= [(zcos *dr + m(R* —a*)sin® ¢
5 2

2 2
= m[% +m(R* — a®)sin® ).
Thay vao (4) duogc:
2 2
= %[—a C;S L (R* —a*)sin® )

T',, 1a dong nang cta thanh trong chuyén dong tuong d6i

R
TABZE']{)SOz (5)

trong d6 Jo 12 moémen quén tinh cia thanh AB dbi vdi truc qua O va vudng goc véi
mat phang cua vanh

2
2
J, =J,+m0OC* = ma +m(R* —a*) = m(R —§a2).
VA,Tr_mRz 2 5.0
dy: T = —2a)p
Thay vao (1) dugc dong nang cua hé la:
2 2 )2
2
T=1[J TR m(R* — a*)sin’ @]% —i—%(R2 —§a2)g'02
Chon géc thé nang tai O, thé nang cua hé la:
II = —mgVR’ —a” cos
Luc suy rong :
oIl oIl > 9
=M-—=M; Q =——=-mgVR" —a  sinp.
Q, 50 Q, 0 g @

Viét phuong trinh Lagrange loai II dugc hé phuong trinh vi phan chuyén dong cua
h¢ la:

2 2
[J + UL m(R® — a®)sin® ¢l + m@pl sin 2p(R* — %cf) =M,
N2
(R* — zaQ)gb — (R — é(zQ)SiHQQOQ— = —gJR’ —a’ sine.
3 3 2
2) Xéc dinh ngau lyc M

181



Khi R = a2 vanh quay déu véi vén téc goc o, tic 1a 6 = wo,é =0 vadi
chuyén cia thanh d6i voi vanh 1a nho sin g ~ ¢, sin2p ~ 2, cosp ~ 1. Tir hé

phuong trinh vi phan chuyén dong cua hé ta co:

4 .
gm(fwogogo =M (6)
B, )
2 4a 7
Giai phuong trinh vi phan (7), tim nghiém riéng v6i diéu kién ddu z =0, ¢ = ¢y,
$=0.
2

2)Néu (2 -39y S 0 e la w, > |22

2 4q 2a

Nghiém tong quat cua (7) 1a

<p:C’leM+C'267M Vo A=, ——,

e ek 1A Ak A s 1
voi diéu kién dau trén tim duge C, = C, = — ¢, .
2

At

Vay: goz%goo(e et = @, cosh(Xt)

gb:%goa(eM - eiM) = A\p, sinh(At).

Thay vao (6) dugc M = %maQwo)\ @2 cosh(At)sinh(\¢).

2

y w
byNéu 2 — 39 _ 0 e 1a w, = 39
2 4a 2a

Phuong trinh vi phén (7) v6i diéu kién dau cho ¢ =0, ¢ = ¢, = const thay vao
(6) dugc M=0.
2
O Néu (2 -39y 20 e la w, <[22
2  4da 2a

Phuong trinh vi phan (7) véi diéu kién dau cho:
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© =, cos kt. - 39 w
) ) Vol k=,———.
$=—¢p,, sinkt. da 2
Thay vao (6) duoc

M = —%mkwoa24p§ sin(2kt).

Bai 33 :
1
Traloi:  a)xc =const; y, = —Egt2 +40nt 5 o= at’

b) by =hy = 1711 cm, c) Pau A cham dt trudc, d S = m1207r2 .

Bai 34:
Tra loi:  v=8m/s.
Bai 35:
-1
Traloi: m = mw.
1—rcosp
Bai 38 :
Traloi: S = Q2 (I—coskt); F =Qcoskt; F =Qsinkt.
mk '
Bai 40 :
Traloi: 1.Bo qua lyc cdn cianuée: v, = n ba(l—e™™).
M+m
2. Co tinh lyc can ctia nudc:
2
v, = mba (e —e ™) voi B = L
(@ —=B)(M + m) M +m
Bai 41 :
Tra loi:

(m,R* + 2m,a*)¢ + QmQaZQL cos(p + ¢) — 2m2al¢2 sin(p + 1)
—2m,gasin(p + ) + 2c(p +¢) =0,
m,al cos(p + 1) + m2l2il} —m,l* sin(p + 1)
+m,glsin 4 c(p + ) = 0.
Bai 42 :
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Tra loi:
mi — mag”’ — maw’ sin(p — wt) = mgcos p — c(z —1,);
2 2 *» ..
(ma” ++ MI)$ 4 2mai
—(mz + Ml)aw® cos(p — wt) = L — (mx + Ml)gsin ¢.

Bai43:
Tra loi:
1 . mZgsin o m, m, gsin
S, ==gsinat® — 29 coswt+Lo—$,
2 c(m, +m,) c(m, +m,)
1 m, m, gsin « m, m, g sin «
S, ==gsinat’ +LCOSI€7§—L.
2 c(m, +m,) c(m, +m,)
Bai 44 :

39 [P(cos @, — cos @) + 2Qf (sin g, — sin go)]
2L(P + 3Q cos® ¢)

Trd loi: w* = @* =

’

2 .
39| Psin g — 20f cos p + 2@Lw s COsP

. g
6:80: 3
4L(P + 3Q cos” p)
Bai 45:
Trd i a — 2¢gsin« ’ _ (1—k)mgsin« '
3+k+ f(1—-k) 3+k+ f1—k)
Bai 46:
mgrr. m mr’ +m.r’ 7’
Traloi: M, =—1%s=0t"9 M =m+—22— 35 fmq 2
T, M, 2r; 2r,
Bai 47 :
Traloi: a)F = (P, + P)tano;b) F > (P, + P,))tana;c) FF < (P + P,)tana .
Bai 48 :
Tra loi:
2 2
a) F, :_mf a; F :(M+2m+mf )a;
r r
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b) a— bgf ; leMg<b_hf); f*Zﬁ; - Mgb '
2b — hf 2b — hf h 2b — hf
Bai49:
Tra loi: Vp=4,43 m/s, ap=9,8 m/s’
Bai 50:
Tra loi:

1) H¢ da cho c¢6 hai bac tu do. Bén toa do suy rong s, x, @, nhu hinh v€ lién két
v6i nhau bang hai hé thirc:

S:<R+l)tancp (1)
S =Ry (2)
Chon hai toa dg suy rong doc lap la z, s

Tir (1) va (2) ta c6 cac mbi lién hé dong hoc nhu sau:

.S

_ 2 3

(4 S 3)

: . (R+e)l¢+2p tang

SZle%S:( >( ; ) “4)
cos” ¢ cos”™ ¢

Pong niang cua hé:
)
T = (Mae2 +mo? + Ic.z/ﬂ)/Q = (M + m)%—i— mis —i—%ms'Q (5)

Thay vao phuong trinh Lagarang loai 2 ta c6:
d [aT] T  or
_ — + _

dt\dq) 98¢  dq
4 8—T :(M+m)f+ms'; 4 8_T =mi+—ms
dt| 0z dt| 0s 2
2
_om _y, JOm_ _9m0p 59
oz 0s dyp 0s R+
Thu duoc hé phuong trinh:
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(M +m)&+ms =0 (6)
. 2
mls 35| — _cpcos o (7)
2 R+1
#(0)=5(0)=0
T (6)suyra: & = —— & & 5= ks *)
M+m
veik——m 1
m+M 4
. 3 . cp cos” @ cpp
Tu (7) suy ra ——k|m8§=a8§ =— =— 8
(7) suy [2 ] R+l 3 (®)
Thay (4) vao (8) ta co:
2. .2 .
(R—l—l) (<p+2<p tanap)ap
a +cpp =0

4
cos” ¢

2. .9
a(RH) (¢+20 tannp)er

- -0 (**)
cos” ¢

=P

Tai thoi diém ban déu: ¢ (0) = ¢,:¢(0) = 0;¢(0) = £(0)
‘ _cpcosty 27w ¢
T () = <(0) = - (0R " l>;’ "0 mE

5(0): R+l @(0>:ER5(0>:__3”L

cos’ @, 9 40 mR

2) x(o) — _k§(0> _3m ¢
160 mR

2 2

T =07 :%-W‘ —or =24%

0 770 9 > =0 ) =0 k2 9

. ck? T c
CTO +7T0 = TL:O +7TL:0 = ’U2 = IL'L:O ()00 7 = E 5—m
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Bai 51 :

Lo 10L, — 3L
Tra loi: w =———2t
243mr?
Bai 53 :
o <2M1 +M, — 5mg7’)7’
Traloi: a, = >
J + bmr
Bai 54 :
Tra loi :

a) u(t) = v, —i—iln‘cos wot‘

“o

b) ‘F‘ = (M +m)g tan w,t + mlw] sin w,t
Bai 55:
Tra loi :
mM

p— (zy — dy) = m(%% — 3y,

a) (2° +y°)|¢ +

mM
Jo—i-
m+ M

Trong déx,, yo,z, ,y, la cac toa dd va hinh chiéu van toc diém A trén cac truc tai

thoi diém ¢ = 0.

mM Ro
®) SD(t):_Q(nhsz)' mM t2:%t2’
J, + R’
m+ M

&)y =— mh cosa—i_ﬂtZ,
m+ M 2R

n(t) = — mht sinOH—ﬂt?,
m+ M 2R

Trong d6 ¢(f) 1a goc quay cua dia; (¢) va 7(7) 1a toa do khdi tim dia trong hé toa
d6 B¢ cac co dinh lay goc ¢ khoi tdm ctia hé.
Bai 56 :
Tra loi: v :A <
‘ 3m
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Bai 57 :

Traloi: v = M . Khong phu thudc.
! Mm
Bai 58 :
Tra loi:

4
(8m +3M)i, = Mi, = —— L

4
—Mz, + (8m + 3M)Z, 4 8cx, = —— L.
r
Bai 59:
Tra loi:
1) Phuong trinh vi phan chuyén dong cua hé
(ml + %m2 + %mg + m4)§5 — (%m3 +2m4)§ =myg
(3m, +4m, )& = (1m, +2m,)5 =0
2) Tich phéan cyclic: (g m, + 4m4) T — (% m, + 2m, )s = const

3)Giaihé i = %g, §= %g . Luc cang day treo vat A: T, = émgg , luc cang day

£ \ . 7
quan vao tru C: sz = 5 Mm,g -

Bai 60 :
Tra loi:
() 4 )5 = (M, — M)A+ )~ M.
i, i,
Bai 61 :
Tra loi:
(m, +m,)i = F(cosa + fsina)— g(m, +m,)f,
Ry =2y,

mZR@E = 2f(m,g — F'sin o)

3gf(m, +m,)

Véimoi F > —.
cosa + fsina
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Bai 62 :
Tra loi: QLPRZG’.%—QRsinny:O,QRsinvé—i—QS':Pcosy.
g Y g (Y
Bai 63 :
Tra loi:
0 - gdc quay cua tryc may,
@ - goc 1éch gitra thanh va duong thang ding.

)
—2P+Qsm SDlgb—f—glsin%ogf—g(e—f—lsingo)cosgﬁ2
g 29 g
P
— —1sin2p@” + 2cl(sin ¢ — sin @,)cosp + Qsinp =0,
g

E(e +Ising)*0 +£(e+lsin<p)lcos<pégb = M.
9 9

Bai 64 :
Tra loi:
JG 4 2br*p — br(d, + 3,) + 2r’p —cr(z, +x,) = M
m i+ b(&, —rp) + ez, —re) =myg
m, ¥, + b(z, — @) + c(x, — rp) = —m,g.
Bai 65 :
Tra loi:

d .
EW&%+%+%ﬁﬂ:M

(m2 + ms)z =, _(mQ +m3)g,
my(p— p¢’) = F,.

Bai 66 :
Tra loi:
m,i = Fy,
(m, +m,)j = F,,

(m, +m, +m,)i = F —(m, +m, +m,)g.

— T
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Bai 67 :
Tra loi:
v’ —2gR v’ —2gR
1) bt «4BCF = a; v = Q; sinq = 029
3 39R
- Khi U(Q) = 2¢gR, vat toi B.
- Khi vf) = bgR vat roi vao H.
- Khi 2gR < v} < 5gR vatroi vao E.
2) Goi #; 1a nghiém duong cta phuong trinh :
gt* — (2v, cosa)t —2Rsina =0 thi L = (v, sina)t, — Rcosa

Bai 69 :

s 2v, 20, 5v,
Traloi: t =—F; v=—t; w=—
7fg 7 r
Bai 70 :
Tra loi: n=40,6 vong.
Bai71:
Tra loi:

SO bac tw do ciacohé n =2
Chon toa do suy rong g, = ¢; q, = 0. Trong d6 0 1a goc quay cua truc.

Phuong trinh Lagrange II:

oT d[aT]_aT_Qe

"o %ulad| a0

Timdongnang: T =7  +1T,

vanh

2
Dong nang cua vanh: T = % MéR 6

Pong nang cua dia:

Crdia = %kav: = %Emk (,Ulzr + vi@) = %kav;' +%kav1§c = CZW7 + ]1

2
1|\mr

T:%m(R—r)zn,bQ,T:E —i—m(R—r)zsinZapé?

T e
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2

Vafly:T:%JV[R2 H.Z—i-%m(R—r)Qcpz—i-%mr +m<R—r)ZSin2cp92
oT 3 . da|oT| 3 .
8—¢:5m(R—7“)2<p; E% :5m(R—7’)2g0
%—%m(R—r)zsin%oéZ

or _1

56 4(2MR2 +mr2)9+m(R—r>2 sin2g09

%[%—g]—i@MRZ +mr2)é+m<R—T)2 sin2g0gb9+m(R—r)2 sin® p 0
9T _y
00
Tim lyc suy rong:
Q@ = _g_lg_ol = —%[—mg(R—r)coscp} = —mg(R—r)singo
Q=1L

Phuong trinh chuyén dong cta hé:
gm(R — r)2 %) —%m(R — 7’)2 sianpé2 = —mg(R — r)sincp
i(?MR2 + mr2)§+ m(R — r)2 sin2<,0g'09 + m(R — r)2 sin’ 905 =1L
Hay

3% —sin2p6° 4+ 2

g .
sinp =0 1
7 © (1)

1 . . ..
Z(ZMR2 + mr2)9 + m(R—r)2 sin2p ¢ 6 + m(R—r)2 sin® o =L (2)
Tai vi tri cn bang twong déi § = Wy 6 = 0; p=const; p=¢ =0

Thay vao phuong trinh (1) :cosp, = — (—2
R— r) W

0

Thay vao phuong trinh (2): L =0
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Bai 74:
Tra loi:
Ma tran quan tinh:

(m, 41,5m,) [1 +—3m2R2
a. = (m ,om );a,, = |—m
" ! 230t 8sin*(0,56)

L

m R
a,, =a, =|m Lsin*(0,50)+ 0,75 ——2——
12 21 [ 1 ( ) cin? (0,56) ]

Q =F; Q =2m,gLcos0

Bai 75:
Tra loi:
Ma tran quan tinh:

J.
a, =J, +J, + m[u* + R —2e(usin%+Rcos%)];a22 = R—22+m2;

J
a, = a, = mz(usin%—i—Rcos%) +EQ

Trong do: J, = gmlLQ;J2 = m,p’
Luyc suy rong:

Q@ = M —m, gL cos ¢ —m,g,ucos e —m,gR sin ¢ + m,gesin(p + %),

Q, = —cu—mygsing + mL,9¢ sin (¢ + %)
Bai 76:
Tra loi:
dv M, 1 .
Ne=—=—=—[M, —bw—cp+0,5m, +2m)g(R—r)sing]
aJ, J,
2) Nghiém cua phuong trinh (nghiém riéng) n < k
H 2n$)
¢ = Bsin( —a); B = ——= — ;= arctan 2n >
\/(kz_Qz)z +4anz ke —Q
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Bai 77:
Tra loi:
Gia tdc thung xe

k.1
M——v)——bv
a:F;ﬁ:( 7’)7“ :F;J_bov
m, m, +1,5m m,

Van toc binh én cliaxe v =v_(1—e )
Bai 78:
Tra loi:
1) Phuong trinh vi phan chuyén dong ctia hé
(m, +m)i + 2mesin @ + 2me cos pp* + cx — bi = 0;
mesin i + (J + me*)p + mgesing — M = 0
2) Chuyén dong cuia ban rung
2mesY’ 2nf)

r = Bcos(QU —a); B= ; o = arctan — .
JO& — @) + 40’0 K-

Bai 79:

Tra loi:

1) Phuong trinh vi phan chuyén dong cua hé
(m1 + mz)x —my (R + 1)@ cos ¢ + m,(R + r)p’ sing = F, cos Qt
—a'écosnp—i—;(R—i— )+ gsing =0

2) H¢ phuong trinh dao dong bé:

(m1 + mz)x —m,(R+7)p = F, cosQt
—i+2(R+71)p+gp=0
Tir d6 1t # tir phuong trinh thir nhat va thé vao phwong trinh thir 2, ta duoc
2(m, +m,)g 2F

0

b+ = cos 2t
v (3m1+m2)(R+7")(p (3m, +m,)(R+1)

Hay @+ ko = AcosQt

Voi | K= 2(m, +m,)g A= 2F,
(3m, +m,)(R+1) (3m, +m,)(R + 1)
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Nghiém téng quat voi cac diéu kién dau (0) = 0,(0) = 0 1a:

——:éﬁg@nth—wmskﬂ

‘P:kQ_
Bai 80:
Tra loi:
L BB Ree-DR
S T T
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