Mo hinh hoa va phwong phap nang lwong
Muc tiéu

Cung cip mét phwong phap khac gidi cac bai tap tim phwong trinh chuyén dong va tan sé tw
nhién *(hodc tan sé dao déng *) cla hé.

Phwong phap ndng lwong hodc phwong phap Euler-Lagrange hivu dung khi vat hodc chi tiét
co hoc chiu tac dung béi Iwc hoac moment kho tinh toan.

Htru dung cho cac hé phirc tap vé&i nhiéu bac chuyén déng tw do.

Chu thich

Tan sb tw nhién 1a tAn s ma hé cé xu hwéng dao dong khi ma khéng cé lwc kich thich hodc
lwc can.

Tan sb dao déng la tan sb thuc t& ma mot hé dang dao déng, co thé bang hodc khac véi tan
sb tw nhién cla no.

Sw khac biét chinh 14 tan sb tw nhién la mét dac tinh vén cé clia hé théng, trong khi tan sb
dao dong la tAn sb thwc t& ma hé thdng dao dong. Trong mét sb bai tap thi hai tAn sé nay

giéng nhau, trong mét sé bai tap khi hé chiu tac dung béi ngoai lwc cé tinh dao déng (cwéng
blrc) thi cé thé khac.

Co s& ly thuyeét

Thé nang va déng ning

Vé&i mot hé co hoc, thé ndng thwong dwoc dw triv béi con lac co hoc.
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Maés Spring

) Lo 1
Uspring = /O Fdx = /0 kxdr = Ekxﬁ

Pong nang K cla hé co hoc thwdng 1a nang lwong cla chuyén dong vat ran cé khéi lwong trong
hé.



1 . 1 _.
Ktrans - me2, Krot = 5.[02

Bao toan nang lwong

Vi dao déng diéu hoa don gidn bang con lac co hoc (khdng tat dan), nang lwong cia hé phai bao
toan:

K + U = constant

d

hoac —(K+U)=0

e Sk

Tai hai thoi diém t; va to, sw tang thé nang phai bang sy gidm clia dong nang (va nguoc lai):
U —U; =Ky — Ky

Dan xuéat phwong trinh chuyén déng tir nang lwong

%(K-F U) = % (%mxz + %kﬁ) =0
= &(m& + kx) =0
Vi & khéng thé bang 0 tai moi thdi diém, nén:
md + kx =0
Xac dinh tan sé tw nhién tir ning lwong
Chon gbc thé nang va gbc toa d6 tai vi tri can bang cho con I&c 16 xo ndm ngang, cé thém
Umax = Kmax

Néu x c6 dang z(t) = Asin(wt + ) thi:
1 1
Uma,x = 5kA2 Tmax - Em(WnA)Q

Vi gid tri Upax V@ K pnax phéi bdng nhau

5 k
=k =nw;, = w, =4/ —
m

Bai tap vi du 1 (gidi so sanh)

Tinh tan sé tw nhién cha con I&n dwoc gitr ¢d dinh tai ché béi mot 16 xo, con lac cé thé chuyén
dong theo phwong nam ngang. Gia st day la mot hé bao toan (khdng ¢ hao phi) va chuyén déng
cula con lan la lan khéng truwot.
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L& giai

1 . 1
K. = §J02 and K ans = Ema':2

Do con I&n cé chuyén dong I&n khong trwot, & = 7'9

1 &2
K. = Ejﬁ
Thé nang cda I xo tai vi tri x:
1
U= —ka?
2

Nhanh giai bang dao ham
Bao toan nang lwgng do hé bao toan:

K +U =W = const
dK n dUu _ 0
dt dt
dK rot dK trans dU
dt + dt + dt

J
m:izéi+—2:izfé+kww':0
r

=0

loai bo & : (m+i2)z'é—|—k:c:0
r

. k
Thu dwoc phwong trinh dao dong va tan sé giao dong w = mfi
2

T

Nhanh giai bang thé nang, déng nang toi da



Céch gidi nay rat han ché, 4p dung duoc cho it mau bai va hé dao dong, déc biét phai cé gbc thé
néang dep.
Gia tri tbi da ctia dong nang K cé khi v = v = wA

(wnA)2 1

1
= Thax = =J + —m(w,4)* = —[m + J w? A?
2 2 72

2 r2

GiatritdidactathénangU cOkhiz = T = A

1
= UmaX - 5kA2 Thus Tmax - Umax

1 J 9 1 k
—_ —_— AQ—_— A2 = _—
2<m+r2)w 2k = w \/( 7‘,]2)

Bai tap vi du 2 (gidi so sanh)

M6t con l3c 16 xo treo thdng dirng chiu tac dung cla trong lwc trai dat dao déng nhd quanh vij tri
can bang. Khéi lwgng con lac 16 xo 1a m, khéi lwong clia 16 xo [a ms phan bb déu theo chiéu dai 16
xo. Tinh tAn s dao ddng tw nhién cla con l&c, bd qua moi hao phi.
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ml v
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D4t gbc toa dd va gbc thé nang tai vi tri 10 xo khéng gian
Xét mot phan 16 xo ¢6 chiéu dai theo phwong thadng ding la dy
Khéi lwgng clia dy : 7= dy, van toc cua dy khi dang chuyén dong v, =

~|e

z(t),

DPong nang cltia phan 16 xo khi chuyén déng:

Pong nang cua toan bé 16 xo:




Tbng ddng nang cuia toan bd con lac va 16 xo:

e 1(m3>+1 .9
— 123 P

Thé n&ng cla con lac 16 xo tai vi tri z:

Z

1 x z/2 1
U:—k:a:2+—/ mgdaz+—/ msg dr = —kz? — mgx — m,g
2 0 0 2 2

Bao toan nang lwvgng do bé qua moi hao phi:

K+ U =W = const

d_K+d_U—0

dt  dt

dK1X+de+dU_O

dt dt dt

Mg\ ... e : z
(T)xw + mad + ki(x + zap) — mgd — msg§ =0
(n;s—i—m)fé—l—ka:—mg—mzsg=0

. k 2Zm+m,
w+m($_2—kg)—0

Thu dwoc phwong trinh dao déng va tan sé dao dong w = \/% , d& dang nhan thay vecto

3 tm
trong trwdng g, gibng véi con lac 16 xo thang dirng binh thuwdng, khong gay anh hwéng dén tan sb
dao déng ctia hé nay.

Ly thuyet phwong phap Lagrange
Dung dé dan xuét phwong trinh chuyén déng.
Xét hé bdo toan, Lagrangian L dwogc dinh nghia la:
L=K-U

K 1a dong néng va U 4 thé nang cda hé.
Phwong trinh chuyén déng sé dwoc suy ra tir phwong trinh Euler-Lagrange (E-L):

a(oy 2k,
dt \ 8¢ g

Suy ra:

d(@K) 0K  oU _

— =) - =— 4+ == =
dt \ 9q 0q 0q
V&i g 1a toa do suy rong.

(Pao ham riéng phan cua thé nang cho ¢ 1a bang 0, vi trong hé bao toan chi cé lwc bao toan, cong



sinh ra do lyc bao toan chi phu thudc vao diém dau va cudi, tirc la chi phu thudc vao toa do suy
rong q chir khéng phu thudc vao van téc q )

Quay tré lai véi bai toan con lac 16 xo ndm ngang, ta co:
1 5 1,
K=—mz"vaU = Eka:

O day toa do g la z, Lagrangian cla hé la:

LeK—U= 2mi® — kg

= = 5mi 5 ke
Ap dung:

d [ OK 0K 0oU

——— -+ —=—=0

dt \ 0q 0q 0q

d .

a(maf;)—ﬂ—l—kx—o

mi+ kxr =0

Bai tap ly thuyét

Cho mét con lac don véi chiéu dai I, thay day ndi con lac don thanh mét 16 xo cé d6 cirng k va
chiéu dai tw nhién [. Viét phwong trinh chuyén déng cta con lac don.

m

L&i giai
DPong nang cta hé bao gdm thanh phan chuyén ddng theo hwéng ban kinh va tiép tuyén :
L .9 242
K = Em(w + (I 4+ z)“07)

Thé nang cta hé bao gdm thanh phan thé nang trong trworng va thé nang 16 xo :

U(z,0) = —mg(l + x)cosb + %ka



Vay Lagrangian cua hé la:

1 . 1
L=K-U-= Em(zic2 + (I + 2)%6%) + mg(l + z)cosf — Ek:r:2
Lagrangian ctia hé co 2 bién la = va 6, mét dic diém cha coéng thirc Euler-Lagrange 1a né cé
thé dwoc ap dung cho tat ca cac toa do xuat hién trong hé, tirc 1 n6 cé thé ap dung cho
qgq=xvacaq=20.

d (0L OL . 32
%(%> = 3 m& = m(f+ x)0” + mgcosf — kx

d (8L\ OL d 22\ .
a(%)‘% g (e +2)8) = —mg(t + 2) sing

dt
m(€+ z)%0 + 2m(£ + )20 = —mg(£ + ) sin 6.
m(f + )0 + 2mzd = —mgsin 6.

I

C6 thé nhan thy phuong trinh Euler-Lagrange dau tién 1a phwong trinh lwc F' = ma huéng theo
phwong ban kinh két hop véi gia tbc huwéng tam.

Con ban chéat ctia phwong trinh Euler-Lagrange th@ hai la :

- Dong bién déi du tién 1a phwong trinh biéu dién momen xoan bang tbc do bién thién cla
momen dong lvong (]\_/_7 = %)

- Dong thi ba cla bién dbi la phwong trinh lwc F' = ma hwéng theo phuong tiép tuyén két hop
v&i hiéu ting Coriolis —2m:6

Khi viét cac phwong trinh E-L, cach kiém tra lai chinh la so sanh chiing vé&i cac phwong
trinh F' = ma va M = dL/dt, vi bién déi cia phwong trinh E-L s& dan vé cac phwong
trinh can bang lwec.

Bai tap
M6t con lac don khéi lwgng m chiéu dai [, thay day béng thanh cirng nhe bd qua khéi lwong. Con
l4c don dat & gilra 2 birc twérng song song va dwoc ndi sang hai bén tuwéng bang hai 16 xo d6

cng k tai trung diém cuia thanh cirng. Tai vi tri can béng, hai 16 xo khéng gian. D43y thanh léch
mot goc nhd khdi vi tri can bang, tim tan sé dao déng cta hé. Bé qua moi hao phi.

L& giai



h=101—-cos? |
+ :

Chon gbc thé nang tai vi tri can bang cho ca con lac don va 16 xo.
Thé n&ng cla hé bao gbm thé nang cla 2 16 xo va thé nang trong trwong:

U = +kz? + $kz’ + mgl(1 — cosf)
= kTezsin2 6 + mgl(1 — cos )
DPoéng nang ctia hé chi gdm ddng nang cuia con lac don

1 . 1 .
K = —Jof* = -ml*6?
2 2

S dung phwong trinh Euler-Lagrange cho hé bao toan:
Tinh tirng thanh phan ctia phwong trinh E-L cho bién toa d6 6 :

4 (a—K) - i( £29’) — me%d

dt 90 dt
0K
0
00
2 2
%—g = % (%sin2 6 + mgl(1 — cos 9)) = %sin@cos@ + mg{sin 0

Phwong trinh dan ra cta E-L :

d(&K) 0K  oU _

at\3q) 8¢ " oq
os kL2 )
me<0 + 751n0c050+ng51n0: 0

Nhan thay néu bd di hai 16 xo, tirc d&t K = 0, phwong trinh chuyén dong tré vé dang con lac don
co ban:

. ke?
me26 + 7sin900s0 +mglsinf =0

-

0 if k=0
ml%0 + mglsind = 0

Quay tré lai phwong trinh chuyén déng, véi goc léch @ nhd, tuyén tinh hoa véi stnf ~ 0



2
me20 + %0 +mglh =0

. 2
N I iV PP
2m/t

kl + 2mg
= w, =4 ———
2mil

Lwu y: Khi str dung phwong trinh Euler-Lagrange, von bao géom qua trinh dao ham riéng
phan cho bién toa d6 suy réng, khéng nén tuyén tinh hoa str dung phép xap xi vé cuing bé
ngay tir diu, ma dé & cudi, do phai phan biét nén giir hay nén bé cac thanh phan g2 hoiac
bac cao hon.

Bai tap
Biét rang sw gidm nang lwong thé ctia mot tu dién phdng do mot dién moi sé bat dau dién ra hién

twong dao ddng va nang lwong sé chuyén dbi qua lai gitra nang lwong ddng ndng cla tAm dién
méi dang chuyén déng va nang lvong thé dwoc lwu trik trong dién trudng.

M6t tu dién phéng song song duoc I4p day hoan toan bang mot tAm dién moéi cé dé day d va do
dién thAm twong dbi €,., dwoc dét trén modt mat ban ndm ngang. Tu dién dwoc cb dinh va tAm dién
moi c6 thé truot tw do khéng hao phi gitba 2 ban tu dién. TAm dién méi hinh vudng c6 canh dai [
va khéi lwong ctia tAm 1a m. Tu duoc tich dién téi dién tich +Q va —(Q, sau do6 tAm dién moi
duwoc dich chuyén theo phwong ngang mét khoadng nhd x doc theo mét canh cla né va duoc tha
tw do. Tinh x4p xi chu ky dao déng ctia tdm dién madi nay. Do day d cla tAm dién méi nhé hon rat
nhiéu so véi do dai canh [.

L& giai

Thé nang cta hé bao gdm thé nang clia 2 tu dién song song:

eoe,L(L — x
Cr = — (d )
O2Z€0L$

d



bién dung tvong dwong:

C=C1+0Cy = %(m +e.(L—x)) = %(w(l —¢&,) +¢.L))

Thé nang cla tu dién la nang lwgng tu dang dv tri tai vi tri toa d6 x cua dién mai:

L1 1 @
a 2 2k (2(1—¢,) +e.L))

2 C
DPéng nang cla hé 1a ddng nang chuyén dong cla tAm dién méi khéi lwong m:
L .5

K= —mxz
2

Phwong trinh dan ra cla E-L :

i(@K)_E)K+8U_O
dt \ 0q 0q dq
d [ OK 0K 0oU
dt \ 0z Oox Ox
. Q% e, — 1
=0
e 2e0L €2L? — 2z(e, — 1)e, L + x%(e, — 1)
. Q2d e, —1
mi + =0
2€0€%L3 1— 2:u(zL—1) + ;c2(§L_21)2
Viz << L, logibé x/L vax?/L>
. de(sr - 1)
X T )
T el I

Gia té¢c ma dién méi quay lai vi tri can bang sé xap xi mét gia téc khong dbi

Q%d(e, — 1)

I ~const =a=— 573
2meoe; L

DAu — thé hién gia téc ctia dién méi hwéng vé mébe hé quy chiéu. Chu ky dao déng ctia dién moi
phu thudc vao khodng cach ma tAm dién méi bi day di.

2z 8L | egellm

a  Q\de 1"

T=4r=4

Bai tap
Mét 6ng chét 16ng chi® U chira chét 16ng khdi lwgng riéng p , db t&i do cao I .Tim tan sb tw nhién

khi chét 16ng trong 6ng chir U dao ddng diéu hoa khi mét bén dng bi hat 1én mét doan x nhé (hodc
thdi xubng mét doan x nho)



Loi giai
Thé n&ng cla hé |4 thé nang cda trong trwong 1&n phan chat 1dng chénh 1éch dé dwa hé vé trang
thai can bang
Chon gbc thé nang tai vi tri can bang
0 0
U= / —mgdzx —I—/ —mg(—dz) = 2mgx = 2gpAx>

x —X

DPong nang cla hé 1a ddng nang chuyén déng cla khbi chét 16ng

1 1
K = —Mv* = —Mi?
2 2

Ap dung :

d(8K> 0K  oU _

t\3g) 8¢ " aq
d
E(Ma':)—O—I—2gpAw=0
Mz + 2gpAx =0

Thu dwoc phwong trinh chuyén ddng cla chét 16ng trong 6ng va tan sé dao déng
w2004 _ [g
M l

Bai tap
Hay mé t& dao déng nhd ctia mét con lac phang ma diém treo cé khéi lwong cé thé chuyén déng
tw do doc theo mét dwerng thdng ndm ngang .



L& giai

Toa do Descartes cla diém treo 1a —(x, 0), va cla chinh con lac 1a —(x + Isin ¢, [ cos ), do
do ham Lagrange cé dang:

Wﬁ + %lzquz + misl cos did + magl cos .

L =

Gi&i han trong ham Lagrange v&i xap xi bac hai theo x, &, @, qb << 1

. . [
m1—2Fm2 i;2+%l2¢2+m2ld:¢— m;Q

L= ¢?,

ta nhan dwoc cac phuong trinh chuyén dong:

(my +mo)d + mayld = 0;
mald + mal?$ 4+ moglé = 0.

M6t trong cac nghiém cé tan sb bang khong. D6 la cai goi 1a mode dich chuyén. Tl phwong trinh
the hai suy ra rang trong nghiém nay ¢ = 0. Tir dang clia ham Lagrange ta thay rang toa do
dao dong va dong lvong twong trng dugc bao toan L /0% = (my + ma)d + magld = 0. Do
do, £ = const va hé véi con lac treo thang dirng nhw mét khdi chuyén dong véi van toéc khong
dbi. Tan sb ctia mode binh thuwéng thir hai dwoc cho bdi

2 m1+m2£

w =
mq l
va ti & dich chuyén
mi1+m
lp=—— " "4
my

Khi m1 >> meg, diém treo ding yén va con lac dao dong voi tan sb thong thuong w? ~ wi = g/l
. Trong gi&i han nguoc lai m; < mo, tn sé w > wqy valg + x = 0. Nhwng vi lgp + = = x4 1
toa dd Descartes clia diém co khdi lwong mo, nén ban than con Iac dirng yén va chi cé diém treo



dao ddng. Cubi cung, khi m; = mag, tacod l¢ + © = £o = —x: con l&c va diém treo dao dong
nguoc pha véi bién dd bang nhau.

Bai tap
Tim tan s dao déng nhd ctia mot con lac todan hoc mang dién (véi dién tich e), dao déng theo hai
hwéng va ndm trong trwéng trong lwe va trwdng dién ngoai vudng goc E .

Loi giai
Ham Lagrange c6 dang:
ml?

L= 5 (02 + sin? 0(&2) + mgl cos 0 + eEl sin 0 cos ¢,

va & trang thai co ban, con I&c 1&ch khdi truc thadng dirng mét goc 8y = arccot(eE/mg). Cac
phwong trinh dao déng:

6 — sin 0 cos 02 + w? sin @ — tg Oy cos O cos ¢ = 0;

% (sin2 9¢) + %sin@sin¢ =0,
trong d6 w3 = g/ 1a tan s6 dao dong phéng khi khong co dién tredng, can dwoc tuyén tinh hoa
theo cac dd léch nhd ¢ < 1vafd — 6y = ¥ < 1. Khi dé, cac phwong trinh cho hai bién sé tach
ra:

&-l— wg\/l + (eE/mg)2¢ = 0; ¢ - wg\/l + (eE/mg)?y = 0.

Chung ta lai gap mot hé véi cac tAn sb suy bién clia cac mode binh thudng
7 = w3 = w1 (Efmg)?.




